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PREFACE. 

To  preserve  Euclid's  order,  to  supply  omissions,  to 
remove  defects,  to  give  brief  notes  of  explanation  and 
simpler  methods  of  proof  in  cases  of  acknowledged 
difficulty — such  are  the  main  objects  of  this  Edition  of 
the  Elements. 

The  work  is  based  on  the  Greek  text,  as  it  is  given 
in  the  Editions  of  August  and  Peyrard.  To  the 
suggestions  of  the  late  Professor  De  Morgan,  published 
in  the  Companion  to  the  British  Almanack  for  1849, 
I  have  paid  constant  deference. 

A  limited  use  of  symbolic  representation,  wherein 
the  symbols  stand  for  words  and  not  for  operations, 
is  generally  regarded  as  desirable,  and  I  have  been 
assured,  by  the  highest  authorities  on  this  point,  that 
the  symbols  employed  in  this  book  are  admissible  in 
the  Examinations  at  Oxford  and  Cambridge.1 

I  h.  ve  generally  followed  Euclid's  method  of  proof, 
but  not  to   the   exclusion    of  other    methods    recom- 

1  I  regard  this  point  as  completely  settled  in  Cambridge  by 
the  following  notices  prefixed  to  the  papers  on  Euclid  set  in 
oate-Honse  Examinations : 

I.  In  the  Previous  Examination: 

In  anm  rs  to  these,  questions  any  intelligible  symbols  and  cu>bre- 
viations  may  be  u 

II.  In  the  Mathematical  Tripos  : 

In  answer*  to  'fir  questions  on  Euclid  the  symbol  —  must  not 
be  used.  The  only  r  viation  admitted /or  the  square  on  AB 
is  "  sq,  on  AB,"  and  for  the  rectangle  contained  by  AB  and  CD, 
"reel.  AB,  CD." 
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mended  by  their  simplicity,  such  as  the  demonstrations 
by  which  I  propose  to  replace  (at  least  fur  a  first  read- 
ing) the  difficult  Theorems  5  and  7  in  the  First  Book. 
I  have  also  attempted  to  render  many  of  the  proofs,  as 
for  instance  Propositions  2,  13,  and  3.1  in  Book  L,  and 
Proposition  ]  :i  in  Book  II.,  less  confusing  to  the 
le;irner. 

In  Propositions  4,  5,  G,  7,  and  8  of  the  Second 
Book  I  have  ventured  to  make  an  important  change  in 
Euclid's  mode  of  exposition,  by  omitting  the  diagonals 
from  the  diagrams  and  the  gnomons  from  the  text. 

In  the  Third  Book  I  have  deviated  with  even 
greater  boldness  from  the  precise  line  of  Euclid's 
in.thod.  For  it  is  in  treating  of  the  properties  ,»('  the 
circle  that  the  importance  of  certain  matters,  to  which 
reference  is  made  in  the  Notes  of  the  pres  rot  volume, 
is  fully  brought  out.  1  allude  especially  to  the  appli 
cation  of  Superposition  as  a  test  of  equality,  to  the 
conception  of  an  Angle  as  a  magnitude  capable  of 
unlimited  increase,  and  to  the  development  of  the 
methods  connected  with  Loci  ami  Symmetry. 

The  Exercises  have  been  selected  with  considerable 
chiefly    from    the    Senate     B  use     Examination 
Papers,    They  are  intended  to  be  progressive  and  i 
•0    that    a   learner   may    from    the   firsl     be   induced   to 
work  out  something  for  himself. 

I  desire  '  my  thanks  to  the  fri  rods  who 

have  improved  this  work  by  their  suggestions,  and  to 

beg  for  further  help  of  the  same  kind 

J.  HAMBL1N  SMITH 

Camhkii.uk,  1s72L 
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ELEMENTS    OF    GEOMETRY. 


INTRODUCTORY    REMARKS. 

When  a  block  of  stone  is  hewn  from  the  rock,  we  call  it  a 
Solid  Body.  rh<  stone-tutter  shapes  it,  and  brings  it  into 
that  which  we  call  regularity  of  form;  and  then  it  becomes 
a  Solid  F'[. 

Now  suppose  the  figure  to  be  such  that  the 
block  has  six  flat  Bides,  each  the  exact  counter- 
part of  the  others  ;  so  that,  to  one  who  stands 
facing  a  corner  of  the  block,  the  three  sides 
which  are  visible  pr<  sent  the  appearance  re- 
presented in  this  diagram. 

Each  side  of  the  figure  is  called  a  Surface  ;  and  when 
smoothed  and  polished,  it  is  called  a  Plane  Surface. 

The  sharp  and  well-defined  edges,  in  which  each  pair  of 
sides  meets,  are  called  Lines. 

The  place,  at  which  any  three  of  the  edges  meet,  is  called 
a  Point. 

A  Magnitude  is  anything  which  is  made  up  of  parts  in  anj 
way  like  itself.  Thus,  a  line  is  a  magnitude  ;  because  we  m  >.\ 
regard  it  as  made  up  of  parts  which  are  themselves  lines. 

The  properties  Length,  Breadth  (or  Width),  and  Thickness 
for  Depth  or  Beight)  ofa  body  are  called  its  Dimensi 

We  make  the  following  distinction  between  Solids,  Surfaces 
Lines,  and  Points  : 

A  Solid  has  three  dimensions.  Length,  Breadth,  Thickm 

A  Surface  has  two  dimensions.  Length,  Breadth. 

A  Line  has  one  dimension,  Length. 

A  point  has  no  dimensions. 

s.  E. 
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DEFINITIONS. 

I.  A  Point  13  that  which  has  no  parts. 

This  is  equivalent  to  Baying  that  a  Point  has  no  ma<_'i  itwle, 
since  we  define  it  as  that  which  cannot  In-  divided  into  smaller 
parts. 

II.  A  Link  is  length  without  breadth. 

We  cannot  conceive  a  visible  line  without  breadth  ;  hut 
we  Gin  reason  about  lines  as  if  they  had  no  breadth,  and  this 
is  what  Euclid  requires  us  to  do. 

Hi.  The  Extremities  of  finite  Lines  an 

A  point  marks  position,  as  for  instance,  the  place  where  k. 
•  ■r  en. Is,  or  meets  or  crosses  another Jine. 

J  V.  A  Straight  Line  is  one  which  lies  in  the  same  direction 
from  poini  to  point  throughout  its  length. 

V.  A  Surface  is  that  which  has  length  ami  breadth  only. 

V[.  The  Extremities  of  a  -  lines. 

VII.  A  Plane  Surface  is  one  in  which,  if  any  two  points 

iken,  the  straight  line  between  them  lies  wholly  in  that 

ice. 

rhus  the  ends  of  an  anonl  cedar-pencil  are  plan, 
hut  'he  real  -t  r  of  the  pencil  is  not  :t  pl.t 

>  points  may  be  taken  in  it  such  that  1  he  ttraighi  line 

joining  them  will  not  lie  on  the  surface  of  the  pencil. 

In  our  introductory  remarks  -  imples  of  a  Surface, 

1  P  [ill   .1-  ''i-  know  them  through  the  evidence 

of  1 1 1  •      • 
1 
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The  Surfaces,  Lines,  and  Points  of  Geometry  may  be  regarded 
as  mental  pictures  of  the  Burfaces,  lines,  and  points  which  we 
know  from  experience. 

It  is,  however,  to  be  observed  that  Geometry  requires  us  to 

conceive  tie  possibility  of  the  existence 

ol  -i  3  ipart  from  ;i  Solid  body, 

of  a  Line  apart  from  a  Surface. 
of  a  Point  apart  from  a  Line. 

VIII.  When  two  straight  lines  meet  one  another,  the  inclina- 
tion of  the  lines  to  one  another  is  called  an  Angle. 

"When  two  straight  lines  have  one  point  common  to  both, 
they  are  said  to  form  an  angle  (or  angles)  at  that  point.  Tin 
point  is  called  the  vertex  of  the  angle  (or  angles),  and  the  lines 
are  called  the  arms  of  the  angle  (or  angl«»0\ 


H  us,  if  the  lines  OA,  OB  are  terminated  at  the  same 
point  0,  they  form  an  angle,  which  is  called  '/  n.  or 

the  angle  AOB,  or  the  angle  BOA,     the  Letter  which  marks 
the  vertex  being  put  between  those  that  mark  the  arms. 

Again,  if  the  line  CO  meets  the  line  DK  at  a  point  in  the 
line  DE,  so  that  0  is  a  point  common  to  both  lines,  CO  is 
to  make  with  BE  the  angles  COD,  COE ;  and  these        I 
one  arm,  CO,  common  to  both)  are  called  adjacent  ai  t 

Lastly,  if  the  lines  /"'-'.  UK  cut  each  other  in  the  point  0, 
the  lines  make  with  each  other  four  angles  FOH,  lln<:.  OOK, 
KOF ;  and  of  these  GOH,  FOK  &re  called  t 
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When  three  or  mort  straight  lines  as  OA,  OB,  OC,  OD  have 
a  poinl  (>  common  to  all,  the  angle  formed  by  one  of  them,  OD, 


with  OA  may  lie  regarded  as  being  made  up  of  the  angles 
BOO,  COD;  that  is,  we  may  speak  of  the  angle  .1"/' 
whole,  of  which  the  parte  are  the  angles  A  OB,  BOO,  and  COD- 
Bence  we  may  regard  an  ang  .  inasmuch 

as  any  angle  may  be  regarded  as  being  made  up  of  parts  which 
arc  themsi  Ives  angles. 

The  si/.c  of  an  angle  depends  in  no  way  on   i    e  length  of 
the  anus  by  which  it  is  bounded. 

We  shall  explain  hereafter  the  restrict  inn  on  the   magnitude 

of  angles  enforced  by  Euclid's  definition,  ai  d  the  important 
results  tli.it  follow  an  extension  of  the  definition. 
IX.  W: .  .1  /;   in.-. 

(  1 1  makes  the  adjacent 
I  BC  and  ABD)  equal 
to  one  another,  each  of  the  a 
i-  called  a  Right  \  v.i  i  ;  and 
each  line  is  said  to  be  a  Pbr- 
I'Kviiici  i.ai:  to  the  other. 

X    An  <  >  \  j  one 

which   is   greater   than   a   right 
angle. 

XI,    '  one 

agle. 

Xll     A    |  which    is 


I  i V     i  p  1 1 1  •    in 
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XITT.  A  Circle  is  a  plane  figure  contained  by  one  line, 
which  is  called  the  Circumference,  and  is  such,  that  all 
straight  lines  drawn  to  the  circumference  from  a  certain  point 
(called  the  Centre]  within  the  figure  are  equal  to  one 
another. 

XIV.  Any  straight  line  drawn  from  the  centre  of  a  circle  to 
the  circumference  is  called  a  Radius. 

XV.  A  Diameter  of  a  circle  is  a  straight  line  drawn  thr  rogh 
the  centre  and  terminated  both  ways  by  the  circumference. 


Thus,  in  the  diagram,  0  is  the  centre  of  the  circle  AB<'lK 
OA.  OB,  0C}  OB  are  Radii  of  the  circle,  and  the  Btraight  line 
AOD  is  a  Diameter.  Hence  the  radius  of  a  circle  is  hall  the 
diameter. 

XVI.  A  Semicircle  is  the  figure  contained  by  a  dial 
and  the  part  of  thi  circumference  cut  off  by  the  diameter. 

XVII.  Rectilinear  figures  are  those  which  are  contained 
by  straight  line.-;. 

Tlie  Perimeter  {or  Periphery)  of  a  rectilinear  figure  is  the 
sum  of  its  sides. 

XVIII.  A  Triangle  is  a  plane  figure  contained  by  three 
straight  lines. 

XIX.  A  Quadrilateral  is  a  plane  figure  contained  by 
four  straight  lines. 

XX.  A  Polygon  is  a  plane  figure  contained  by  more  than 
four  straight  Hi 

When  a  polygon  has  all  its  sides  equal  and  all  its  ax 
equal  it  is  called  a  regular  polygon. 
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XXI.  Aii  Equilateral  Triangle  is  one  which 

has  all  its  b  d«  s  equal. 

XXII.  An  Isosceles  Triangle  is  one  which 
Las  two  sides  equal 

The  third  side  is  often  called  the  base  of  the       / 
triangle.  / 

The  term  ipplied    to   any  one    of  the   sides   of  a 

triangle  to  distinguish  it  from  the  other  two,  especially  when 
they  have  been  previously  mentioned. 

XXIII.  A     RiGHT-AHOLED     Triangle 
one   in   which   one  of  the  an£  right 
angle. 

The  side  subtending,  that  is,  which 
is  called  the  Hypoti  n 

XXIV.  Aii   Obtuse-angled  Triangle  is 
one  in  which  one  of  the  angles  is  obtuse. 

It  will  be  shewn  hereafter  that  a  triangle  can  have  only 
one  of  its  angles  either  equal  to,  or  greater  than,  a  right  angle. 

XXV.  An  Acute-angled  Triangle  is  ■  i 
which  all  the  ai 


XXVI.  Parallel  Straight  I  such 

never  meel   when  ' 

luced  ih  both  direct ii 

ds  i"  put  forward  Six  Postulates,  or  Reqi 
that  he  inaj  \»-  allowed  to  make  certain  assumptions  on  the 

pertii     "!  geometi  ical  ruag- 
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Postulates 
Let  it  be  granted — 

I.  That  a  straight  line  may  be  drawn  from  any  one  point  to 
any  other  point. 

II.  That  a  terminated  straight  line  may  be  produced  to  any 
length  in  a  straight  line. 

III.  That  a  circle  maj  be  described  from  any  centre  at  any 
distance  from  that  centre. 

IV.  That  all  right  angles  are  equal  to  one  another. 

V.  That  two  straight  lines  cannot  enclose  a  space. 

VI.  That  if  a  straight  line  meet  two  other  straight  lines, 
so  as  to  make  the  two  interior  angles  on  the  same  side  of  it. 
taken  together,  less  than  two  right  angles,  these  straight 
lines  being  continually  produced  shall  at  length  meet  upon 
that  side,  on  which  are  the  angles,  which  are  together  less 
than  two  right  angles. 

The  word  rendered  "Postulates"  is  in  the  original 
alr-qnara,  "  reques 

In  the  first  three  Postulates  Euclid  states  the  use,  under 
certain  restrictions,  which  he  desires  to  make  of  certain  in- 
struments for  the  construction  of  lines  and  circles. 

In  Post.  i.  and  II.  he  asks  for  the  use  of  the  straight  ruler, 
wherewith  to  draw  straight  lines.     The  restriction  is,  that  the 
ruler  is  not  supposed  to  be  marked  with  divisions  so  a 
measure  lines. 

In  Post.  in.  he  a>ks  for  the  use  of  a  pair  of  compasses, 
wherewith  to  describe  a  circle,  whose  centre  is  at  one  extremity 
of  a  given  line,  and  whose  circumference  passes  through  l'K- 
other  extremity  of  that  line.  The  restriction  is,  that 
the  compasses  are  not  supposed  to  be  capable  of  convi 
distances. 

Post.  rv.  and  v.  refer  to  simple  geometrical  facts,  which 
Euclid  desires  to  take  for  granted. 

Post.   vi.    may,    as  we    shall   shew   hereafter,   be   d 
from    a    more    rimple   Postulate.      The   student    must    defer 
the   consideration  of  this  Postulate,  till    he   has  reached  the 
17th  Proposition  of  Book  I. 

Euclid  next  enumerates,  as  statemeuts  of  fact,  nin.^  Axioms 
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or,  as  he  calls  them.  Common  Notions,  applicable  (with  the 
aion  of  the  eighth)  to  all  kinds  of  magnitudes,  and  not 
i  rily   restricted,   as   are   the   Postulates,    to  geometrical 
magnitudes. 

Axioms. 

I.  Things  which  are  equal  to  the  same  thing  are  eqfl&l  to 
Me  another. 

I I.  If  equals  be  added  to  equals,  the  wholes  are  equal. 

III.  If  equals  be  taken  from  equals,  the  remainders  are 
equal. 

IV.  If  equals  and  unequals  be  added  together,  the  \(  I 
are  unequal 

V.  If  equals  be  taken  from  unequals,  or  unequals  from 
equals,  the  remainders  are  unequal. 

VI.  Things  which  are  double  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VII.  Things  which  are  halves  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VIIL  Magnitudes  which  coincide  with  one  another  are 
equal  to  one  another. 

IX.  The  whole  is  greater  than  its  part. 

With  his   Common    Notions   Euclid    takes    the   ground   of 
authority,  saying  in  pflfect,  "To  my  Postulates  I  request,  to 
mmon  Notion-  I  daim,  you 

Euclid    develops    the   science   of   Geometry  in   a  series   of 
Propositions,  some  of  which  are  called  Theorems  and  the 
Problems,  though  Euclid  himself  makes  no  such  distinction. 

I  the  name  Theorem  we  understand  a  truth,  capable  of 
demonstration  or  proof  by  deduction  from  truths  previously 
admitted  or  pro 

By  the  d  ime  Problem  we  understand  a  construction,  capable 
t  being  effected  by  the  employment  of  principles  of  con 
tion  p  idmitted  or  proved. 

A  i  b  a  Theorem  or  Problem  easily  deduced  from, 

cted  by  mean-  of,  a  Proposition  to  which  it  is  attached. 

\V.  -shall  divide  the  Ivi-t    Boob    of  the    Klements  into  three 

The  reason  tor  this  division  will  appear  in  the  eoursp 

>f  the   uairk. 
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SYMBOLS  AND  ABBREVIATIONS  USED  IN  BOOK  I. 

V     for      because  ®        for        circle 

■' therefore  j    Qce circumference 


— is  (or  are)  equal  to      ||   parallel 

L  angle  EJ   parallelogram 

A triangle  j    x     perpendicular 


equilat equilateral 

extr exterior 

intr interior 

pt point 

rectil rectilinear 


reqd required 

rt right 

sq square 

sqq squares 

st straight 


It  is  well  known  that  one  of  the  chief  difficulties  with 
learners  of  Euclid  is  to  distinguish  between  what  is  assumed, 
or  given,  and  what  has  to  be  proved  in  some  of  the  Pro- 
positions. To  make  the  distinction  clearer  we  shall  put  in 
italics  the  statements  of  what  has  to  be  done  in  a  Problem, 
and  what  has  to  be  proved  in  a  Theorem.  The  last  line  in  the 
proof  of  every  Proposition  states,  that  what  had  to  be  dune 
or  proved  has  been  done  or  proved. 

The  letters  q.  e.  f.  at  the  end  of  a  Problem  stand  for  Quod 
arai  faciendum. 

The  letters  q.  e.  d.  at  the  end  of  a  Theorem  stand  for  Quod 
erat  demonstrandum. 

In  the  marginal  references  : 

Post,  stands  for  Postulate. 

Def. Definition. 

Ax Axiom. 

I.  l Book  I.  Proposition  L 

Hyp.  stands  for  Hypothesis,  rt /■position,  and  refers  to 
something  granted,  or  assumed  f0  1"'  ""'"•* 
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SECTION  I. 

On  tin-  Properties  of  Triangles. 

Proposition  I.    Problem. 
To  describe    an  equilateral  triangle    on  a  given    sir* 

1 1  in:. 


Let  A  B  be  the  given  st.  lm> . 

It  is  required  to  detcrHh  an  equilat.  ^on  AB 

With  centre  .1  and  distance  .1/;  •    BCD.     Post  3. 

litre  B  md  distance  /.'.I  .1.  -.-,  >,.    :    .\> 
From  thept.  f.  m  which  the  •  a  cut  one  another, 


draw  the  st.  lines  CA,  CB. 
Then  will    I  />'< '  be  an  equilat,  A 
For 


Post.  I. 


I    i-    ill.-   r.  litre  of    •      8(7D, 

i''  i/'.                                     Def.  ;:: 

/■'  is  tli.'  .-,  ntre  of  •   ACE, 

/•<■  tr.                                         Def.  ia 

•••   .1''.  /:<\ire  each  =  AB, 

■■■     W  BC.                                                 Ax.  i. 

n'  ■      ''      '/■'   Bl  ire  all  equal,  and  nn  equilat.  a  J/-'' 

has  ben,  .1.  scribed  on  I  B 

•     i     r. 


Vnd 
Now 


PRO,  VII. 


n 


Proposition  II.    Problem. 

From    a   given  'point   to  draw  a  straight   line    equal   to   a 
(jicen  straight  I  in*. 


Let  A  be  the  given  pt.,  and  BC  the  given  st.  line. 
It  is  required  to  draw  from  A  a  st.  line  equal  to  BC. 

From  A  to  B  draw  the  st.  line  AB.  Post.  1. 

On  AB  describe  the  equilat.  A  ABD.  I.  1. 

Willi  centre  B  and  distance  B( '  describe  S  GGH.     Post  8! 

Produce  DB  to  meet  the  0&  COH  in  G. 
With  centre  D  and  distance  DG  describe  ©  GUffiL     Pbsfc  3. 
Produce  DA  to  meet  the  Oce  GKL  in  L. 
i  will  AL=BC. 

For  V  £  is  the  centre  of  ©  CG  ff, 

.-.  BC=BG.  Def.  13. 

And  •/  D  i*  the  centre  of  ©  GKL, 

...  L)L=l»i.  Def.  13. 

And  parts  of  these,  DJ  and  DB,  are  equal.  I  M.  2  I 

.-.  remainder  _4Z= remainder  BG.  Ax.  3. 

fioft'£C-JB0; 

/.  AL=BC.  Ax  L 

Thus  from  pt.  .4  a  st.  line  AL  has  been  drawn  =-  /.'' ' 

a  k.  f. 
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Proposition  III.     Probi.km. 

From  the  greater  of   two  given  straight  lines  to  cut  off 

apart  equal  to  the  less. 


Let  AB  be  the  greater  of  the  two  given  st.  lines  A  /»',  (  7 >. 
It  is  required  to  cut  off  from  AB  a  part^CD. 
From  J  draw  the  St.  line  AE=CD.  I.  2. 

With  centre  A  and  distance  AE  describe   •    EFBT, 
cutting  A  B  in  F. 
Then  will  ^ F=<  '!>. 
For  V  ^4  is  the  centre  of  ©  EFH, 

.-.  AF=AE. 
But  AE=CD; 

.:  AF=CD.  Ax.  1. 

Thus  from  AB  a  part  A  F  has  been  cut  off=CD. 

Q.  K.  F. 
EXERCISKS. 

1.  Shew  thai  if  Bttaight  lines  be  drawn  from  A  and  B  in 
the  diagram  of  Prop.  I.  to  the  other  point  in  which   the  circles 

leot,  another   equilateral    triangle   will    be    described    mi 
I/:. 

2.  Bj  a   construction   similar   to  that    in    Prop.   in.   produce 

the  li  iven  straighl  lines  that  it  may  be  equal  to  the 

■r. 

3.  Draw  a  Rgsjre  for  ti  ,  Prop,  ri.,  in  which  t  ho 
^i  -  en  point  coincides  with  B. 

4.  By  a  similar  construction  to  that  in  Prop.  i.  describe 
on  a  ,  lit  line  an  isosci  les  triangle,  whose  equal  sides 
shall  In-  each  equal  to  another  piwn  ^tnii^ht  line. 
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Proposition  IV.     Theorem. 

If  hvo  triangles  ha  r,  two  sides  of  the  one  equal  to  two  sides 
of  the  other,  each  to  •"■■h,  and  have  likewist  tin  angles  contained 
by  those  sides  equal  t-  one  another,  they  must  havi  their  third 
sides  equal;  andthetwt  triangles  must  be  equal,  and  tht  other 
angles  must  be  equal,  each  to  each,  viz.  those  to  which  the  equal 
sides  are  opposite. 


0_ 
B  C    -S  J 

In  the  as  ABC,DEF, 
let  AB=DE,  and  AC=DF,  and  1  BAC=  l  EDF. 
Then  must  BC=EF  and  A  ABC  =  A  DMF,  and  the  other 
ls,  to  which  the  equal  sides  art   opposite,  mud  be  equal,  that 
is.  l  ABC=  l  DEF  and  1  ACB=  L  DFE. 

For,  if  A  ABC  be  applied  to  A  DEF, 
so  that  A  coincides  with  D,  and  AB  falls  on  DE, 
then  v  AB=DE,  .:  B  will  coincide  with  E. 
And  v  AB  coincides  with  DE,  and  L  BAC=  L  EDF,  Hyp. 
.-.4  (7  will  fall  on  DF. 
Then  y  AC=DF,  .'.  C  will  coincide  with  F. 
And  y  B  will  coincide  with  E,  and  C  with  F, 
.'.  BC'will  coincide  with  EF ; 
for  if  not,  let  it  fall  otherwise  as  EOF :   then  the  two  st. 
lines  BC,  EF  will  enclose  a  space,  which  is  impossible.     P' 

.-.  BC  will  coincide  with  and  .'.  is  equal  to  EF,     Ax.  8. 

and  A  ABC A  1>EF, 

and  l  ABC '  DEF, 

»ndz  ACB *■  I)FE- 

Q.  E.  D- 
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Note  1.  On  the  Method  of  Sujtcrposition. 

Two  geometrical  magnitudes  are  said,  in  accordance  with 
Ax.  vin.  to  1"'  equal,  when  they  can  be  so  placed  that  the 
boundaries  of  the  one  coincide  with  the  boundaries  of  the 
other. 

Thus,  two  straight  lines  are  equal,  if  thoy  can  he  so  placed 
that  the  points  at  their  extremities  coincide  :  and  two  a 
are  equal,  if  they  can  be  so  placed  that  their  vertices  coi 
in  position  and  their  arms  in  direction  :  and  two  triangl     are 
equal,  if  they  can  be  bo  placed  that  their  sides  coincide  in 
direction  and  magnitude. 

In  the  application  of  the  test  of  equality  by  this  Method  of 
nine  that  an  angle  or  a  triangle  m 
moved  from  one  place,  turned  over,  and  put  down  in  another 
place,  witlioat  altering  the  relativi   positions  of  its  bi 

We  also  assume  that  if  one  part  of  a  Btraight  liue  coincide 
with  one  pirt  of  another  Btraight  line,  the  other  parts  of  the 
lines  also  coincide  in  direction;  it,  that  straight  lines,  which 
le  in  two  points,  coincide  when  produced. 

The  method  of  Superposition  enables  us  also  to  compare 
magnitudes  of  the  same  kind  that  are  unequal.  imple, 

suppose  ABC  and  DBF  to  be  two  given  angles. 


Suppose  the  arm  BC  to  he  placed  on  the  arm  EF,  and  the 

d,  if  the  a  ncide  in  direction  with  the  arm  ED, 

the  angle  .1  BC  is  equal  to  l>  ■  , 

If   /;  I    •  !  l>  and    /;/■•  in  the  direction    /.'/', 

A  B( 
If  HA    fall   in   the   direct  inn    / ','     o    thai     ED   i-    bet 

DBF. 
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Note  2.  On  the  Conditions  of  Equality  of  two  Triangles. 

A  Triangle  is  composed  of  six  parts,  three  sides  and  three 
angles. 

When  the  six  part  of  one  triangle  are  equal  to  the  six 
parts  of  auothe.  .  each  to  each,  the  Triangles  are  said 

to  be  equal  in  all  re.>pects. 

There  are  four  cases  in  which  Euclid  proves  that  two  tri- 
angles are  equal  in  all  respects  ;  viz.,  when  the  following  parts 
are  equal  in  the  two  triangles. 

1.  Two  sides  and  the  angle  between  them.  I.  4. 

2.  Two  angles  and  the  side  between  them.  I.  26. 

3.  The  three  sides  of  each.  I.  8. 

4.  Two  angles  and  the  side  opposite  one  of  them.  I.  26. 

The  Propositions,  in  which  these  cases  are  proved,  are  the 
most  important  in  our  First  Section. 

The  first  case  we  have  proved  in  Prop.  iv. 

Availing  ourselves  of  the  method  of  superposition,  we  can 
prove  Cases  2  and  3  by  a  process  more  simple  than  that  em- 
ployed by  Euclid,  and  with  the  further  advantage  of  bringing 
them  into  closer  cnnexion  with  Case  1.  We  shall  therefore 
fp%  ■  three  Propositions,  which  we  <!•  signate  A,  B,  and  C,  in 
the  Place  of  Euclid's  Props,  v.  vi.  vn.  vm. 

The  displaced  Propositions  will  be  found  on  pp.  108-112. 

Proposition  A  corresponds  with  Euclid  I.  5. 

B ...   I.  2'i,  first  part 

C I.  8. 
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Proposition  A.     Theorem. 

If  two  sides  of  a  triangle  be  equal,  the  angles  oj)jjosit> 
sides  must  also  be  equal. 


In  the  isosceles  triangle  ABC,  let  AC=AB.     (Fig.  1.) 

Then  must  i  ABG=  i  ACB 

[magine  the  a  ABC  to  be  taken  up,  turned  round,  and  set 
down  again  in  a  reversed  position  as  in  Fig.  2,  and  designate 
the  angular  points  A',  B',  C. 


Then  in    As  ABC,    .(''"/.", 

AB      I  '  • .  and  AC=  A  TV.  and  i BAC= i  CA'B', 

:.  i  A  BO=  l  A  'CB'.  I.  4. 

But  lA'CB'^iACi:, 

:.  l  ABC=  t  ACB.  ax.  1. 

Q.E.D. 

[frnrc  overy  equilateral  triangle  is  also  equiangular. 

Nora.  When  one  side  "fa  triangle  is  distinguished  from 
th-  "  her  rides  by  being  called  the  Base,  the  angular  point  op- 
idi  i  i  -    -  ■  i  the  triangle. 
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Proposition  13.     Throrkm. 

If  two  triangh  -  :  wd  to  two 
angles  of  th  oikt  and  Ou  sides  adjacent  ti- 
the equal  angl  also  equal;  then  must  tht  triangles 

be  equal  in  alt  a.. 


E 

In  A  s  ABC,  DEF, 
let  -  ABC=  L  DEF,  and   _  AC  11=  .  DFE,  and  BC=*EF. 
Then  must  AB=DE.  and  A('=J>F.  and  _  BAC=  .  EDF. 

For  if   &DEF  be  applied  to    ^  ABC,  so  that  E  coincides 
with  B,  and  EF  fells  on  BC\ 

then  V  EF=BC.  .'.  F  will  coincide  with  C  ; 

and  v  _  DEF=  -  ABC,  .:  ED  will  fall  on  BA  : 

.-.  D  will  fall  on  ZL1  <t  L'.l  produced. 

Again,  '.'  l  DFE=  l  ACB,  .:  FD  will  fall  on  CA\ 

.-.  D  will  fall  on  CA  or  CA  produced. 

.-.  D  must  coincide    with  A,  the  only  pt.  common  to  BA 

and  CA. 

.:  DE  will  coincide  with  and  .'.  is  equal  to  A  B, 

and  DF ,''- 

and   /.EDF -  /;-"' 

and    +DEF '    !/;''; 

and  .'.  the  triangles  are  equal  in  all  resp* 

'  .  D. 

Cor,  Hence,  by  a  process  like  that  in  Prop.  A.  we  dm  \ 
the  following  theorem  : 

If  txeo  angles  of  atriangl  b<  eaual  I  I  w**d  « 

them  are  also  equal      ffineL  I.  6.) 
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Proposition  C.    Theorem. 

If  two  triangles  have  (he  (hre<  the  one  equal  to  the 

fhret  sides  of  Uu  oth  r,  each  to  each,  the  triangles  mud  bo  equal 

in  all  resj/i  ct8. 


Le1  the  three  sides  of  the   as  ABC,  DEF  be  equal,  each 
to  each,  that  is,  AB=DE,  AC -1>I\  and  BC    /.'/'. 
Then  mud  (hi  triangles  be  equal  in  nil  r<  - 
[magine  the  ..  DEF  to  be  turned  over  and     pplied  to  the 

&ABC,  in  such  a  waj  thai   l!F  coincides  with  /.''',  and  the 
■   D  tails  on  the  side  (<(  BC? opposite  to  the  side  on  which 
„4  tails  ;  and  join  .  I  /'. 

( -A8E  I.  Whin  AD  passes  through  BC. 

I 


Then  in       \i:i>.  -.'  l:h     B  1.  ,'.      B  ID-     BD  I,  T.  A. 
I05D,  ■  •  CD        i    •.  .  CAD        CD  I.  I.  A. 
.•.sum  of  L  s  BAD,  C  I/-        .,,  of        BD  l.  CDA,    Ax.  2. 

z  BAG        BDC. 
Hence  <r<  rring  t.>  the  original  triangle  .  that 

l:  I'  /.'/'/•'. 

.■..  by  Prop,  i.  the  Irian  ia1  >    \U  respects. 
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Cash  II.  When  the  line  joining  the  vertices  does  not 
through  BC. 


Then  in  a  ABD,  V  BD=BA,  :.   l  BAD=  L  BVA,     I.  A. 
And  in  &ACD,  v  CD  =  CA,  .:   c  CAD=  l  CDA,     I.  A. 
Hence  since  the  whole  angles  BAD,  BDA  are  equal. 
and  parts  of  these  CAD,  <  DA  are  equal. 
.-.  the  remainders  BAG,  BDG are  equal.  Ax.  3 

Then,  as  in  Case  L,  the  equality  of  the  original  triangles 
may  be  proved. 

Case  III.  When  AC  and   CD  are  in  the   same   straight 

line. 

A 


Then  in  lABV,  '.'  BD=BA,  .:  l  BAD  =  l  BDA,     I.  A. 
that  is,   .  BAC=  l  BDG 

Then,  as  in  Case  1.,  the  equality  of  the  original  triangles 
may  be  proved. 


.•.  i.  i- 
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[Proposition  IX.    Problem. 

To  bisect  a  given  anyle. 
.4 


Let  BA  C  he  the  given  angle. 

/>  is  required  to  I" AG. 

In  AB  take  any  pt    l>. 

In  4(7 make  .!  /.'     .1/',  and  joia  DE. 

<  >n  />A',  on  the  Bide  remote  from  J,  descrih 
equilat.  t   DFE.  I.  1. 

Join  .!/•'.    Then  J F  will  bisect  l  BAG. 

Pox  in  .•  -    l/7>   . I /•'/•:, 

V  AD=-Ai:,  and  .!/•'  is  common,  and  FD=FE, 

.-.  i  r>AF=  i  i:  i  /  i.  c. 

thai  is,  l  BAG  is  bisected  bj  .  I  /■'. 

Q.  K.   F. 

Ex  1.  Shew-  that  we  can  prove  this  Proposition  by  means 
of  Prop.  rv.  and  P    >p    \  .  without  applying  Prop.  C. 

2.  [f  the  equilateral  triangle,  employed  in  the  construc- 
tion, be  described  with  its  vertex  towards  the  given  angle; 
thai  there  is  one  ease  in  which  the  construction  will  fail, 

and  two  in  which  it  will  hold  fjood. 

i  >■•..    Thf  lino  dividing  an  angle  it  to  two  equal  pari 
c:s!!--.l  the  Bf««  iii:  of  the  nn<j1i\ 
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Proposition-  X.     Problkm. 
To  bisect  a  given  Jin itc  straight  line 

a 


Let  AB  be  the  given  st.  line. 
It  is  required  to  bisect  AB. 

On  AB  describe  an  equilat.  A  .1'  'B.  I.  1. 

-.  ct  L  ACB  by  the  st.  line  CD  raeeti.it/  AB  in  D  :      I.  9. 
then  AB  shall  be  bisected  in  D. 

For  in  ^s  ACB,  BCD, 
'  '=BC,  and  CD  is  common,  and  L  ACD^  _  B(  J>. 

■.AD  =  B1>  :  I     ••• 

.-.  AB  is  bisected  in  D. 

y.  k.  F. 

Ex.  1.  The  straight  line,  drawn  to  bisect  the  vertical  ai 
of  an  isosceles  triangle,  also  bisects  the  base. 

Ex.  2.  The    straight   line,    drawn    from    the   vertex   of  an 
isosceles  triangle  to  1   sect  the  base,  al*  ortical 

angle. 

Ex.  3.  Produce  a  given  finite  straight  line  to  a  i 
that  the  part  produced  may  be  one-third  of  the  line.  \  i.ich  is 
made  up  of  the  whole  and  the  part  Drodap 
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Proposition  XL    Problem. 

To  draw  a  straight  line  at  right  angles  to  a  given  straight 
"■■'  a  g  ven  point  in  the  same. 


Let  AB  be  the  given  st.  line,  and  0  a  given  pt.  in  it. 
It  is  required  to  draw  ft  IB. 

Take  any  pt  D  in  AC,  and  in  CB  make  t'E=CD. 
On  Z>J5  describe  an  equilat.  A  ZAFA'. 

Join  FG     i-V  shall  be  j   to  J7J. 


I.  1 


For  in  as  DCF,  ECF, 

v  DC=CE,and  CF is  common,  snr'  yi)=l'i:, 

.:  iDCF=  i  I  I.,, 

and  .-.  PCia  l  to  AB,  De£  9. 

Q.  E.  i\ 

Cor.  To  draw  a  straight   line  at  rigbl   angles  to  a   given 
hi  line   4 C from  one  extremity,  C,  take  any  point   Din 
■  I'",  prodn  /.',  making  CE=CD,  and  I  as  in 

the  proposition. 

I.  Shew  that  in  the  diagram  of  Prop.  ix.  .l/-\md  ED 
•  ich  other  at  right  angles,  and  that  ED  is  bi 

Ex,  _    IfObe  the  point  in  which  two  lines,  bisecting  AB 
I I    ■  i  an  equilateral  triangle,  at  righl  ai 

:  shew  thai  0  I.  "/■  U  equal 

Prop.  xt.  is  a  particular  case  of  Prop,  ix. 
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Proposition  XII.    Probi.km. 

T  >  draw  a   straight  It 
line  of  an  unlimited  length  from  a  given  point  without  it. 


Let  AB  be  the  given  st.  line  of  unlimited  length)  C  the 
given  pt.  without  it. 

It  Ureq  o  draw  from  C  a  st.  line  j.  to  AB. 

Take  any  pt.  D  on  the  other  side  of  .1  B. 

With  centre  ('  and  distance  CD  describe  a  •  cutting  Al 

ii,  E  and  F. 

Bisect  EF  in  0,  and  join  <  7.',  CO,  I  '/•'.  I.  10 

Then  CO  shall  be  x  to  AB. 

For  in  AS  IF, 

v  EO=FO,  and  CO  is  common,  and  CE  =  CF, 

,\  l  COE=  .  '  '  I.  c. 

.-.  CO  is  j.  to  AB. 

q    K.  F. 

Ex.  1.  If  the  Straight  line  were  n  >t  of  unlimited  length, 
how  might  the  construction  fail  ? 

Ex.  2.  If  in  a  triangle  the  perpendicular  from  the  vertex 
on  the  base  bisect  the  base,  the  triang 

Ex.  3.  The  lines  drawn  from  the  angular  points  of  aa 
equilateral  triangle  to  the  middle  points  <»f  the  opposite  >ide* 
are  equal. 
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Miscellaneous  Exercises  on  Props.  I.  to  All. 

1.  Draw  a  ti-  e  for  Prop.  n.  for  the  case  when  the  given 
point  A  is 

(a)  below  the  line  BC  and  to  the  right  of  it. 
(/3)  below  the  line  BC  and  to  the  left  of  it 

2.  Divide  a  given  angle  into  four  equal  parts. 

3.  The  angles  A'.  C,  at   tin-  base  of  an  isosceles  triangle, 
bisected  by  the  straight  lines  BD,  CD,  meeting  in  /' 
that  1:1  x'  is  an  isosceles  triangle. 

4.  D,  E,  F  are  points  taken  in   the  si<].<    l><\  A. I,  Al 

an  equilateral  triangle,  so  that  BD=CE      I  A.     Shew   that 
the  triangle  DEF  is  equilateral. 

5.  In  a  given  straight  line  find  a  point  equidistant  from 
two  given  points  ;  l>t,  on  the  same  Mil.'  nf  it  ;  i',i,  mi  opposite 
sides  of  it. 

6.  ABC  is  a  triangle  having  the  anjde  A  BC ,  ite.  In  BA, 
>r  BA  produced,  find  a  point  D  such  that  BD*  CD. 

7.  The   equal    sides     .!/-'.   AC,  of   an   isosi  eles  trial 

ire  produced  tu  points  F  and  (7,  so  that  AF=AO.     BGand 
CF  are  joined,  and  ET  is  the  point  of  theii  n      Prove 

that    /.'//     I  //.  and    also    that    the   angle   at   A   is   bit 
by  .1//. 

8.  /-'.I'',   BDC  are   isosceles   triangles,  standing   on   oppo- 
ides  of  tli.'  same  base   BC.     Provi  that  the  straight  line 

from  .1  to  l>  bi  I  right  angles. 

9.  In    how    many  directions   may   the  line  A  I',   lie  drawn  m 

Prop.  in.  I 

10.  The   two  sides  of  a   triangle   being  produced,    if  the 
on   the  other  side  of  the  base  l»'  equal,  shew  that  the 

triangle  it 

11.  AIW,  ABD  are  two  triangles  on  the  same  h:\<o  ,|/; 
and  on  thi  de  of  it,  the  v.  ■  h  triangle  being 
outside  the  other,  tf  AC     ID,  shew  that  BC  cannot  <   !'l>. 

12.  From  '''any  point   in  a  straight  line  A  I'..  CD 

nt   right  ragle    to    I  5  j  a  circle  described  with  centre 

A  an.  I  IB  in  D  ;  and  from  AD,  A  /.'  is  cut  off  -  AC; 

l 


Book  I.] 


PHOPOSJTION 


55 


Proposition  XIII.     Theorem. 

The  angle*  which  <m,  straight  lint  makes  with  another  Vj><t,, 
on,  sicL  of  it  are  <  ither  tiro  right  angles,  or  /■';/<//<</•  equal  to  two 
right  angles. 

Fig.  1.  Fig.  2. 


"3 


Let  AB  make  with  CD  upon  one  side  of  it  the  z  s  ABC, 
ABJ>. 

7'-       must  these  he  either  two  rt.  is, 
or  together  equal  to  two  rt.  z  ? 

First,  if  L  ABC=  z  ABU  as  in  Fig.  1, 

each  of  them  is  a  rt.  z .  J  >ef.  :i. 

Secondly,  if  z  ABC  be  not=  z  ABD,  as  in  Fig.  2, 

from  B  draw  BE  J.  to  CD.  I.  11. 

Then  sum  of  z  s  ABC,  ABD^sum  of  1  s  EJU  \  EBA,  ABD, 
and  sum  of  z  s  BBC,  EBD=*sutn  of  l  s  EJBi '.  EBA,  ABD  ; 
:.  sum  of  z  s  A  /:<  \  .1  BD=smn  of  z  s  EBC,  EL1> ; 

Ax.  1. 
.'.  sum  of  z  s  ABC,  ABD=sum  of  a  rt.  z  and  a  rt.  z  ; 
.".  z  s  ABC,  ABD  are  together  =  two  it.  _  s. 

o.  E.  D. 
Ex.  Straight  lines  drawn  connecting  the  opposite  angular 
points   of  a   quadrilateral   figure    intersect   each  other  in    <  >. 
Shew  that  the  angles  at  0  are  together  equal   to  four  right 
angles. 

Note  (1  )  If  two  angles  together  make  up  a  right  angle, 
each  is  called  the  Complement  of  the  other.  Tim?,  in  fig.  2. 
t  ABD  is  the  complement  of  z  A  BE. 

£:,  L  two  angles  together  make  up  two  ri?ht  aneh  B,  '■::'  li 
is  called  the  Supplement  of  the  other.  Thus,  in  both  figures, 
c  A  BD  is  tlio  supplement  of  z  ABC. 
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Proposition  XIV.    Theorem. 

]  f,  nt  a  point  in  a  straight  line,  two  other  straight 

positt  sides  of  it,  make  On  adjacent  angl  equal 

right  angles,  tht  \e  two  straight  lines  mud  be  m,  on    md 

the  same  straight  line. 


At  the  pt.  B  in  the  st.  line  AB  let  the  st.  lines  BG,  BD, 

( pposite  sides  oi  .!/•'.  make  l  -  ABC,  ABD  =two 

it.  angles. 

Z%«ti  /.'/>  must  &<  in  the  same,  st.  lint  with  I'-''. 

For  if  nut,  let  B2?be  in  the  same  st.  line  with  /»''. 

Then  l  s  J  /-•'',    I  /:/;  together=two  rt.  .  T.  13, 

And  l  s  ABC,  ABD  together = two  rt.  Hyp 

.-.  Bum  of  l  s  ABC,  ABE=*mm  of  -     .l/.v,  .!/;/>. 

Take  away  from  each  of  these  equals  tin'       !  /.'■ '  ; 

then  .    I/;/;     .  ABD,  A\.  •'.. 

thai  is,  the  less = the  greater  ;  which  is  impose 

'.  //.'  is  not  in  tin-  same  st.  line  with  BG. 

Similarly  it  may  be  Bhewn  thai  no  other  line  but   !'•!>  is  i i • 
me  st.  line  w  itb  /.'' '. 

.■.  BD  i-  in  tho  same  st.  line  with  BG. 

...  r..  1 1 

ilifv  th(  -   nf  the    rords  ffu  opposite  sides  in 
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Proposition  XV.     Thborkk. 

[f  two  straight  lines  cut  uuv  another,  the  vertically  opp 
angles  must  be  equal. 


B 


Let  the  st.  lines  AB,  CD  cut  one  another  in  the  pt.  E. 

That  must  _  AEC=  -  BED  and  l  AED=  l  BEG. 
For   v  AE  meets  CD, 

.:  sum  of  l  s  AEC,  AED  =  t\\\>  it.  l  s.  I.  13. 

And  v  DE  meets  AB, 

.:  sum  of  l  s  BED,  AED= two  it.  is;         I.  13. 
.-.  sum  of  _  8  AE< '.  .1  &D==sum  of  _  a  BED,  A  ED  ; 

.:  cAEC=  l  BED.  Ax.  3. 

Similarly  it  may  be  shewn  that  L  AEL>  =  i  BEC. 

Q.  E.  D. 

•  kollary  I.  From  this  it  is  manifest,  that  if  two  straight 
line.-,  cut  one  another,  the  four  angles,  which  tiny  make  at  the 
point  of  intersection,  arc  together  equal  to  ftfni  les. 

Corollary  II.  All  the  angles,  made  by  any  Dumber  of 
straight  lines  meeting  in  one  point,  are  together  equal  to  four 
right  angles. 

Ex.  1.  Shew  that  the  bisectors  of  AED  and  BEC  are  in 
the  same  straight  line. 

Ex.  -2.    Pn        that  t  AED  is  equal  to  the  flngle  bel 
two  straight  lines  drawn   at  right  angles  from  E  to  AE  and 
EC,  if  both  lie  above  CD. 

Ex.  3.  If  AB.  CD  bisect  each  other  in  E ;  shew  that  the 
triangles  AED,  BEC  are  e<^ial  in  all  resp< 


2&  EUCLID'S  ELEMENTS.  LBook  L 


Note  3.  On  Euclid! $  definition  of  an  Angle. 

Euclid  directs  us  to  regard  an  angle  as  the  inclination  of 
two  straight  lines  to  each  other,  which  meet,  not  in 

the  samr  straight  line. 

Thus  he  does  not  recognise  the  existence  of  a  single  angle 
equal  in  magnitude  to  two  right  angles. 

The  words  printed  in  italics  are  omitted  as  needless,  in 
Def.  viii.,  p.  3,  and  that  definition  may  be  extended  with 
advantage  in  the  following  terms  ■ — 

Dkf.  Let  WOE  be  a  fixed  straight  line,  and  QP  a  line 
which  revolves  about  the  fixed  point  Q,  and  which  at  first 
coinf'des  with  QE. 


Then,  when  QP  has  reached  the  position  represented  in 
the  diagram,  we  Bay  that  it  has  described  the  angle  EQP. 
When  QP  has  revolved  so  Ear  a  Ide  with  QW, 

iy   that    it    has  described  an  angle  equal  to  two  right 
angle*. 

1 1  *  - 1 we  may  obtain  an  easy  proof  of  Prop,  xm,  ;  for  what 

ever  tlir  position  of  PQ  may  be,  the  angles  which  it  makes 
with  WE  are  together  equal  to  two  rigbl  angles. 

tin,  in   Prop;  xv.  it   Lb  evident    that  cAED=iBECi 
since  each  I  me  supplementary  .   .1  /•' ' 

We  shall  shew  hereafter,  p.  149,  how  this  definition  may  be 
embrace  <'•  r  '/""<   two  right 

<tn<ll<<. 
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If  one  side  of  a  triangle  be  produced,  (he  exterior  anylt  is 
greater  than  either  of  tlte  interior  opposite  anglts. 


Let  the  side  BC  of  a  ABC  be  produced  to  D. 
Then  must  z  ACD  be  greater  than  either  i  CAB  or  z  ABC. 
Bisect  AC  in  E,  and  join  BE.  I.  10. 

Produce  BE  to  F,  making  EF=BE,  and  join  FC. 
Then  in  as  BE  A,  FEC, 

v  BE=FE,  and  EA  =EC,  and  z  BE  A  =  z  i^C,       I.  1 5. 
.-.  iECF=  lEAB.  1.4. 

Now  z  .4  CD  is  greater  than   i  ECF  ;  Ax.  9 

.•.  z  ^4 CD  is  greater  than   lEAB, 
that  i  z  .4  CD  is  greater  than   z  CI  EL 

Similarly,  if  AC  be  produced  to  G  it  may  be  shewn  that 
l  BCG  is  greater  than  z  J£C 
and  iBCG  =  i  ACD ;  I.  IS 

.•.  z  ACD  is  greater  than  z  AT"  '. 

q.  k.  r>. 

Ex.  1.  From  the  same  point  there  cannot  be  drawn  mon 
than  two  equal  straight  lines  t#  meet  a  given  straight  line. 

Ex.  2.  If,  from  any  point,  a  straight  line  be  drawn  to  B 
given  straight  line  making  with  it  an  acute  and  an  obtuse 
angle,  and  if,  from  the  same  point,  a  perpendicular  be  dra*  n  to 
the  o-iven  line  ;  the  perpendicular  will  fall  on  the  side  of  tjjp 
.}cnte  »-g1o( 
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Proposition-  XVII.     Theorem. 

Any  two  angles  of  a  triangle  are  together  less  than  two  righi 
angles. 


I) 

Let  ABC  be  any  a  . 

Then  must  any   two   of  its    l  s   he   together   less   than 
rf.  l  s. 

Produce  BC  to  D. 

Then  l  A  CD  is  greater  than  l  ABC.  I  16i 

.•.   i  s  ACD,  ACB  are  together  greater  than  -  •  .1 /■'<',  A(  I' 
But  lsAGD,  A CB  together = two  rt.  L  13 

.•.  /s.l/.v',  ACB  are  together  less  than  two  rt.  c  s. 
Similarly   it  maj    he  shewn  that  is  ABC,  BAO  and  also 
thai         BAC,  ACB  are  together  less  than  two  rt.  i.  s. 

q.  b.  i> 
Note  4.  On  the  Sixth  Postul 

We  lean    from   Prop.   xvn.  thai   if  two  straight  lines  BJfi 

and  CN,  which   inert   in  A,  are  met  by  another  straight  lino 
DE  in  the  points  (J,  t, 


the  angles  WOP  ana   AT"   ire  together  less  than  two  right 
The  Sixth  Postulate  thai  if  a  line  DE  meeting  i« 

Other   li  IP*     PA1      '  "  ■     "    '  "      A'."   >.    the    IWO    inter  Mlt 
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angles  on  the  same  side  of  it,  together  less  than  two  right 
angles,  BAfand  CN  shall  meet  if  produced  on  the  same  side 
of  DE  on  winch  are  the  angles  MOB  and  NPO. 


Proposition  XVIII.    Theorem. 

If  one  side  of  a  triangle  be  greater  than  a  second,  th>- 
angle' opposite  tht  Jirst  must  be  greater  than  that  opposite  the 
second. 


b  a 

In  lABC,  let  side  A  Che  greater  than  AB. 
Then  must  l  ABC  be  greater  than  l  A  CB. 

From  AC  cut  off  AD=AB,  and  join  BD.  I.  3. 

Then  :AB=AD, 

.-.  l  ADB=  l  ABD,  I.  a. 

And  v  CD,  a  side  of  a  BD< '.  is  produced  to  A. 

.'.  l  ADB  is  greater  than  l  ACB  ;  L  16 

.".also  L  ABD  is  greater  than  i  A'  'l'>. 
Much  more  is  l  ABC  greater  than  I  A  <  '!■■ 


Ex.    Shew  that  if  two  angles  of  a   triangle  be  equal,  the 
sides  which  subtend  them  are  equal  also  (Eucl.  I.  8>. 
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Proposition  XIX.    Theorem. 

If  one  angle  of  a  triangle  he  grader  than  a  second,  the 
side  opposite  the  first  must  be  greater  than  thai  Opposite  the 
second. 


Tn  lABC,  let  L  ABC  be  greater  than  z  AGB. 
Then  must  A  < '  b*  great*  r  than 

For  if  AC  be  not  greater  than  AB, 

AC  must  eithev  =  AB,  or  be  leas  than  AB. 
Now  AC  cannot  =  A B,  for  then  I.  A. 

i  A  BO  would  s=»  L  A(  <B,  which  is  not  the  case. 
And  AC  cannot  be  less  than  .1 1'>.  ftr  then  I.  18. 

i  ABC  would  be  less  than  t  ACB,  which  is  not  the  case; 
.*.  AC  is  greater  than  A  />'. 

Q,    K.    D. 

Ex.  l.  In  an  obtuse-angled  triangle,  the  greatest  side  is 
opposite  the  obtuse  angle. 

Ex  2.  BO,  the  base  of  an  isosceles  triangle  BAC,  is  pro- 
duced to  any  point  l> ;  ihew  thai  4D  is  greater  than  AB. 

Ex.  3.  The  perpendicular  is  the  shortest  straight  line,  which 
can  be  drawn  from  ;i  given  point  to  :i  given  straight  line  ;  snd 
of  others,  that  which  is  nearer  to  the  perpendicular  is  less  than 
one  more  v>  mote. 
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i  imposition  XX     Theorem. 
Any  )wg  etdea  of  a  triangle  am    together  greater  than  the 

third  Hdo. 


*  C 

Let  ABC  be  a  A. 
Then  any  tioo  of  its  sides  miist  be  together  gn 
the  third  side. 

Produce  BA  to  D,  making  AD=A< ',  and  join  J"  '. 
Then  v  AJ>=1<\ 

.:  .  ACD=  l  ADC,  that  is,  L  BDC.  I.  a. 

Now  _  BCD  is  greater  than  i  ACl>  . 

.:  l  BCD  is  also  greater  than  t  BDC; 

.-.  BD  is  greater  than  BC.  1.  ]:». 

But  BD=BA  and  AD  together  ; 

that  is,  BD  =  BA  and  AC  together  ; 
.".  BA  and  AC  together  are  greater  than  BC. 
Similarly  it  may  be  shewn  that 

AB  and  BC  together  are  greater  than  AC, 

saxdBCana  CA  I/:. 

','.  k.  n. 

Ex.  1.  Prove  that  any  three  sides  of  a  quadrilateral  Bgure 
are  together  greater  than  the  fourth  side. 

Ex.  2.  6hew   that  any   side   of  a  triangle  is  greater  than 
the  difference  between  the  other  tvVo  sides. 

Ex.  3.  Prove   that  the  sum   of  the  distances  of  any  p 
from   the   angular   points   of  a    quadrilateral  than 

half  the  perimeter  of  the  quadrilateral 

Ex.  4.  If  one  side  of  a  triangle  be  bisected,  the  sum  of  the 
rwo  other  sides  shall  be  more  than  double  of  the  line  joining 
the  vertex  and  the  point  of  bisect  ii  n. 
s.  K. 
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Proposition  XXI.     Theorem. 

If,  from    th,    ends    of   tin    side    of   a   triangle,   Our-  be 
drawn    two   straight   lines   to   o   point    within    tht    tria 

these  "ill  be  together  less  than  the  other  sitl<*  oj   tic 
but  will  contain  a  greater  angle. 


Let  ABC  be  a  A ,  and  from  D,  a  pt.  in  the  A,  draw   st 
lin»:s  tn  />'  and  C. 

Then  "ill  /:/>,  DCtogeth  than  HA.  AC, 

out  l  BDCidll  be  greater  than  t  BAC. 
Produce  BD  to  meet  AC  in  /•,'. 
Tlii-n  /.'.I,  A  E  art-  tu^i'ilier  irreaur  than  BE.  I.  20. 

Add  to  each  EC. 
Then  BA,  AC  are  together  greater  than  BE,  EC. 
Again,  l>E.  EC  are  together  greater  than  DC.  I.  2ft. 

Add  to  each  BD. 
Then  BE,  EC  are  together  greater  than  HI).  DC 
Ami  it  baa  been  shewn  that  BA,  AC    re  together  greater 
than  BE,  I 

-.  BA,    l'  ther  greater  than  BD, DC. 

Next,  v  l BDC is  greater  than      /'/:<'.  L  10 

and      /'/.' '     greater  than  /  /.'.I' '.  i.  16. 

.*.  t  BDC  is  greater  than  -  /.'.If. 

Q.    K.    I). 

i.  l "  j « -  ■  t i   the  base    I /•'  of  a  triangle  ABC  is  described 

^  quadrilateral  figure   ADEB,  which  is  entirely  within   the 

le.     Show  that  the    Idi       1 1 '.  '7.  -it'  the  triangle  are 

togethen  than  the     de    Ah.  hi:.  EB of  the  quadri- 
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Ex.  -2.  Shew   that    the   sum   of  the  straight   lines,  joining 

the  angles  of  a  triangle  with  a  point  within  the  triangle,  is 

erimeter  of  the  triangle,  and  greater  than  ball 

the  perimeter. 

Propositi  .v  XXII.     Problem. 
To  m   '  ingle,  of  ichich   the   sitln   shall   be  equal  if, 

three  given  tin  any  two  of  which  are  together  <// 

than  tlt->>  third. 


Let  A,  B,  C  he  the  three   given  lines,  any  two  of  wliich 
we  together  greater  than  the  third. 
//  is  required   to   make   a  A  having   its  sides  =  .!.    B,    C 

"'  ty- 
Take  a  st.  line  1>E  of  unlimited  length. 
In  BE  make  DF=A,  FG=B,  and  GH=G.  I  3. 

With  centre  F  and  distance  FL>,  describe  0/>A'X. 
With  centre  G  and  distance  GH,  describe  •  II KL. 

Join  FK  and  GK, 
Then  &.KFG  lias  its  Bides  =A,  B,  G respectively. 

For  FK=FD;  Def.  13 

.-.  FK=A  ; 
and  G.K     '.'//'  :  Def.  13. 

.-.  GK=C; 
and  FG=B; 
.'.  a  aKFG  has  been  described  as  reqd.         <>■  t  k. 
Ex.    Draw  an   isosceles   triangle  having  each  of  the  <■• 
Ptdes  double  of  the  h 
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Propositiom  XXIII.    Problem. 

.1'   ■/    given   point    in    "    given   straight   line,  !• 
angle,  equal  to  a  given  angle. 


Let   A  be   the  <:ivpn   pt,  7?f  the  given   Imp,   DEF  the 
jjiveii 

A/  u  regd.  /o  moih  "'  /  /.  J  an  angle  m  t  DEF. 
In  /•:/>,  EFtake  any  pts.  I>.  F  ■  and  join  /'/•'. 
I:;    IB,  produced  if  necessary,  make    \(!  =  DE. 

1(7,  i luced  if  necessary,  make  All^EF. 

In  ETC,  produced  ifn sssary,  make  I  IK     I'll 

"^^' i 1 1 1  centre  .1.  and  distance  .1'.'.  describe  •  '.'/  1/ 

With  centre  //.  and  dial  ince  UK.  desci  I      •  I. KM. 

Join  .1  /,  and   II L. 

Then  v  LA      Iff,  ..  I.  \     hi:  .  Ax.  | 

and       ///      //.V.  .-.  ///,     / •■/>  Ax.  I 

Then  in   \a  /.I//.  /»/■;/•'. 

■    /I     /'/■.  and    i//     'T.  and  III.     FD\ 

I   HI     .  DEF.  I.  i 

.•.  ai     i  _■'■   /   I  //  li '  ■    i  en  made  i  waa  reqd. 

Q.  I 
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Note. — We  here  give  the  proof  of  a  theorem,  necessary  to 
the  proof  of  Prop.  XXIV.  and  applicable  to  several  pronosi- 
tions  in  Book  III. 


Proposition  D.     Theorem. 

Every  straight  line,  drawn  from  the  verba  of  a  triangle  to 
the  base,  is  less  than  the  greater  of  the  two  sides,  or  than  either, 
if  they  be  equal. 


In  the  a  ABC,  let  th~  side  At   be  not  less  than  AB 
Tab  any  pt.  D  in  BC,  and  join  A  I  >. 

Then  must  AD  '•■  I*  w  than  AC. 


For  •.'AC  is  not  less  than  AB  ; 

.-.  l  ABB  is  not  less  than   L  .1  ( '!>■ 
But  l  ADC  ;    greater  than  i  .1  BD 

.'.  i  ADC  is  greater  than  L  ACD; 
,\ACis  greater  than  Ah. 


L  A.  ami   la 

I.  16 


I.  L9. 

y.   K.   L>. 
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Proposition  XXIV.     Theorem. 

If  two   triangles  have   two   sides   of  tin    <>"<    equal  ><>  two 
sides  of  tin-  other,   each    to  each,   /"'  lh<  ntained  by 

th,  t,i;,  sides  ,,i'  one  of  flu  in  greater  than  tin  angle  conta  led  by 
th  '"•<>  si,i,.<  equal  t<>  them  of  th,  other  :  tin-  has,1  of  thai  which 
has  the  greater  angle  mud  be  greater  than  tin.  bat  ker. 


In  the  ahABC,J)I:i. 

let  AB=DE and  J''-,  /</■, 

and  let  i  BAG  be  greater  than  i  EDF. 

Th,  a  must  BC  be  greater  than  EF. 

Of  the  two  Bides  />/■:,  VF\e\  DE  be  nol  greater  than  DF.* 

At  pt.  I)  in  st.  line  ED  make  l  El><;^      /;.!('.  1.  -s.i 

and  make  DG=AC or  /'/•',  and  job    EG,  GF. 
Then-.- AB=DE,  and  AG=DG,  and  *  i'.H'.  z  EDG, 

.'.BC*=EG, 
Again,  v /"■'     />/. 

.-.  l  DFG  ■■     DGF\ 
.-.  l  EFG  is  greater  than  .  /".•/•'; 
mnch  more  then  .  EFG  is  greater  than  .  EGF  \ 
:.  EG  <Ii.ni  /•'/•'. 

BntEG  =  BC; 

.-.  I\( '  is  greater  than  /.'/■'. 

".   v..  D. 

*  This  lini  on  to  obviat 

proof.     117/ hunt  ill i-  condition,  three  distincl  cases  must  In-  i i  ^ 
Willi  the  condition,  we  can  prove  that  /•'  must  lie  below  /.'■'. 

///•'is  nut  less  than  /'/•.',  ami  DC  ie  drawn  equal  to  /'/ 
DO  is  not)  less  than  hi'.. 

I  In:  ;..    d,    any    linn    drawn    from     /'    t"    mee'    /SO    is 

less  than  /"'',  and  therefore  /'/'.  being  equal  t..  DO,  musl  rxtund 
beyon  I 

Pot  another  method  of  proving  the  Proposition,  see  p.  ' 


1.4. 

1.  A. 

I.  l:>. 
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Proposition  XXV.     Theorem. 

If  two  triangles  haw   two  tides  of  the  om-  equal  to  two 
of  the  other,  (<«■//  '•>  1  '•/<.  imt  the  base  of  tin   om   ;/!.(//,/■  tharn 
Hie  base  of  the  other;  th    angle  also,  contained  by  tin   tides  of 
that  which  has  the  gi  ■  ieir  base,  must  i»   greater  thou  the  angle 
contained  by  the  fid  -  ■  qual  to  them  of  the,  other. 

-4  n 


s 

In  the  as  ABC,  DEF, 

let  AB  =  DE  and  AC=DF, 

and  let  BC  be  greater  than  EF. 

Then  must  1  BAC  be  greater  than  l  EDF. 

For  l  BACis  greater  than,  equal  to,  or  less  than  l  EDF. 

Now  l  BAC  cannot  =  L  EJ>F. 

for  then,  by  1.  4,  BC  would =EF  ;  which  is  not  the  case. 
And  l  BAC  cannot  be  less  than  1  EDF, 
t  r  then,  by  1.  24,  BC  would  be  less  than  EF ;  which  is 
not  the  case  ; 

.-.  l  BAC  must  be  greater  than  1  EDF. 

Q.  E.  D. 

Note. — In  Prop.  xxvi.  Kuclid  includes  two  cases,  in  which 
two  triangles  are  equal  in  all  respects  ;  viz.,  when  the  following 
parts  are  equal  in  the  two  triangles  : 

1.  Tw<  rad  the  side  between  them. 

2.  Two  angle-  :>tk1  the  side  opposite  one  of  them. 

Of  these  we  have  already  proved  the  first  case,  in  Prop,  b, 
so  that  \jpj  have  only  the  second  case  left,  to  form  the  subject 
of  Prop,  xxvi.,  which  we  shall  prove  by  the  method  of 
superposition. 

For  Euclid's  proof  of  Prop   xxvi  .  Bee  p;     114-115. 
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Proposition  XXVI.     Theorem. 

If  two  triangles  have  two  angles  of  tin  one  equal  to  two  angles 
nft],,  other,  each  to  each,  and  one  sidi   equal  to  those 

sides   being   oppositi    to  equal  angles  in  each  ;  thei 
triangles  b<.  equal  in  all  ves\ 


h  a 
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In  as  ABC,  DEF, 

let  iABC=  l  DEF,  and  t    l<  B-       DFE,  and  AB=  DK 

Then  must  BC=*EF,  and  AC=DF,  and     BAt       ,  EDF. 

Suppose  .:.  DEF  to  be  applied  to  a  A  BC, 

so  that  J)  coincides  with  A,  and  />/;  lulls  on  AB. 

Then  ■.«  Di:=M',, .-.  A' will  coincide  with  /.'  ; 

and  v  l  DEF=  l  Mic,.-.  i;f  will  fall  on  5(7. 

Then  must  F  coincide  with  C    for,  if  not, 

let  Flail  between  Band  C,  al  ihe  7 >r .  //.     Join  J//. 

Then  v  l  ABB     c  DFE,  14, 

.-.  l  Alil\-     ACB, 

the  extr.  1  —  the  intr.  and  opposite  £ ,  which  is  impossible. 

.  /■'  does  not  fall  between  />'  and  0. 

Similarly,  it  may  be  shewn  that   F  'lues  not  fall  on  BC 
produced. 

.-.  V  coinoiaea  with  <\  and  .\  B<      EF; 

.:  Ac-  DF,  and  t  BAG     t  EDF,  I.  4 

and  .-.  tlif  triangles  are  equal  in  all  respects. 

Q.    P..    t). 
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Miscellayieoits  Exercises  on  Props.  I.  to  XXVI. 

1.  M  is  the  ini'l  lie  point  of  the  base  BC  of  an  isosceles 
triangle  ABC,  and  iV  is  a  point  in  AC.  Shew  that  the 
difference  between  MB  and  MN  is  less  than  that  between 
AB  and  AN. 

2.  ABC  is  a  triangle,  and  the  angle  at  A  is  bisected  by  a 
straight  line  which  meets  BC  at  D  ;  shew  that  BA  is  greater 
than  BD,  and  CA  greater  than  CD. 

3.  AB,  AC  are  straight  lines  meeting  in  A,  and  D  is 
a  given  point.  Draw  through  D  a  straight  line  cutting  off 
equal  parts  from  AB,  AC. 

4.  Draw  a  straight  line  through  a  given  point,  to  make 
equal  angles  with  two  given  straight  lines  which  meet. 

5.  A  given  angle  BAG  is  bisected  ;  if  CA  be  produced  to 
G  and  the  angle  BAG  bisected,  the  two  bisecting  lines  are  at 
right  angles. 

6.  Two  straight  lines  are  drawn  to  the  base  of  a  triangle 
from  the  vertex,  one  bisecting  the  vertical  angle,  and  the  other 
bisecting  the  base.  Prove  that  the  latter  is  the  greater  of  the 
two  lines. 

7.  Shew  that  Prop.  xvii.  may  be  proved  without  pro- 
ducing a  side  of  the  triangle. 

8.  Shew  that  Prop.  xvm.  may  be  proved  by  means  of  the 
following  construction  :  cut  off  AD  =  AB,  draw  AE,  bisecting 

l  BAG  and  meeting  BC  in  E,  and  join  DE. 

9.  Shew  that  Prop.  xx.  can  be  proved,  without  producing 
one  of  the  sides  of  the  triangle,  by  bisecting  one  of  the  angles. 

10.  Given  two  angles  of  a  triangle  and  the  side  adjacent 
to  them,  construct  the  triangle. 

11.  Shew  that  the  perpendiculars,  let  fall  on  two  side* 
of  a  triangle  from  any  point  in  the  straight  line  bisecting  the 
angle  contained  by  the  two  sides,  are  equal 
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We  conclude  Section  T.  with  t lie  proof  (omitted  by  Euclid) 
of  another  case  iu  which  two  triangles  are  equal  in  all 
respects. 

Proposition  E.    Theorem. 

Jf  two   triangles   have  one  angh    of  (he  one   equal  to   one 
angle   of  (hi    other,  and   the  sides  about   a   second   <■    jle   in 
each  "jiinl :    then,   if  the  third  angles  m  each  be  both  • 
hut})  obtuse,  or  if  one  of  them  be  a  right  angle,  (he  triangle* 
n  i  qual  in  all  respects. 


In   the     *s    M;<\   DBF,  lei  lBAC     i  RDF,  AB—DE, 

B<'=EF,  and  li  I      a  .I'/.",  I  >  I'll  be  both  acute,  both  obtuse, 
or  let  one  of  them  be  a  right  angle. 

Then  must  &s  ABC,  DBF  be  equal  in  nil  respects. 

For  if  AC  be  not  =  !>!■'.  make  AG  =  DF  ;  ami  join  BG. 
Then  in  &a  BAG,  ///'/', 

BA-ED,  and  AQ     />/•',  am  1  i  BAG  -  .  I 

.-.  BG  =  Ef  :.ii-l  i  AGB      -  /'/••/:.  I.  i 

Bui  BC    HI',  and  .\  BG     BCj 

.-.  iB('G  =  iBGG.  Li. 

First,  lei    .   .!'"/:  ind       /'/'/•:  be  both  acute, 

then    4.4  GB- is  acute,  and  .*.  t  BGC is  obtuse  ;      1.13. 
.•.  i  BCG  is  obtuse,  which  is  contrary  to  the  hypothesis. 
AOB  md  -  />/■'/•;  be  both  obtuse, 
1GB  ii  obtuse,  and  .*.  4  BGC  w  acute  .      I.  I& 
,-,  _  /.''''-'      acute,  which  Is  contrary  to  the  hypothesis. 
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Lastly,  let  one  of  the  third  angles  ACB,  DFE  be      tight 
angle. 
If  l  ACB  be  a  rt.  z  , 

theii    i  BGC  is  also  a  rt.  z  ;  1.  a 

.".  is    BCG,    BGC    together=two   rt  z  s,   which    is    im- 
possible. I.  17. 
Again,  if  z  DFE  be  a  rt.  z  , 

then  z  AGB  is  a  rt.  z  ,  and  .*.  l  BGC  is  a  rt.  z  .       I.  13. 
Hence  z  BCG  is  also  a  rt.  z  . 
.*.  z  s  £CG,  -BGC  together=two  rt.  z  s,  which  is  impossible 

L17. 
Hence  AC  is  equal  to  DF, 

and  the  A  s  ABC,  DEF  are  equal  in  all  respects. 

Q.  £.  D. 

Cor.  From  the  first  case  of  this  proposition  we  deduce 
the  following  important  theorem  : 

If    two    right-nn'jleiJ    triangle*    have    Qu    hypotenuse    and 

on.    side   of  the   one   equal  respectively  to   tin   hypotenuse  and 
one  side  of  the  other,  the  triangles  are  equiu  in  all  respects. 

Note.  Ip  the  enunciation  of  Prop.  E,  if,  instead  of  the 
words  if  one  of  them  be  a  right  angle,  we  put  the  words  both 
right  .ingles,  this  case  of  the  proposition  would  be  identical 
with  I.  26. 
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SECTION  II. 
The  Theory  of  Parallel  Lines. 

INTRODUCTION. 

Ws  have  detached  the  Propositions,  in  which  Euclid  treats 
of  Parallel  Lines,  from  those  which  precede  and  follow  them  in 
the  First  Book,  in  order  that  the  student  may  have  a  dearer 
notion  of  the  difficulties  attending  this  division  of  the  subject, 
and  nf  the  way  in  which  Euclid  proposes  to  meet  them. 

We  must  first  explain  some  technical  terms  used  in  this 
Section. 

If  a  straight  line  EF  cut  two  other  straight  lines  AB,  <'l>. 
it  makes  with  those  lines  eight  angles,  to  which  particular 
names  are  given. 


iv 
The  angles  numbered    1,4,6,7  are  called  Interior  angles 

2, ::,  5,  8   Exterior 

Tlir  angles  marked  1  and  7  are  called  aitemah  angles. 
The  angles  marked  I  ami  6  are  also  called  alternate  angle  , 
The  pairs  of  angles  l  and  •"■.  2  and  <i,  l  and  \  :i  ;iml  Tan' 
called  corresponding  angles. 

from  L  13  it  is  clear  that  the  angles  I,  1,0,  Tare 
er  i  qnnl  to  foti 
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Proposition  XXVll.     Theorem. 

If  a  straight  line,fal  ig  upon  two  other  straight  lines,  make 
the  alternate  angles  equal  to  one  another;  thes*.  two  straight 
lines  mutt  be  parallel. 


Let  the  st.  line  EF,  falling  on  the  st.  linos  AB,  CD, 

make  the  alternate  l  s  AGU,  GHD  equal 

Then  must  AB  be  II  to  CD. 

For  if  not,  AB  and  CD  will  meet,  if  produced,  either  towards 
B,  D,  or  towards  A,  C. 

Let  them  be  produced  and  meet  towards  B,  D  in  A. 
Then  GHK  is  a  a  ; 

and  .-.  l  AGH  is  greater  than  z  GHD.  I.  L6. 

But  lAGH=lGHD,  Hy,, 

which  is  impossible. 

.-.  AB,  CD  do  not  meet  when  produced  towards  /-'.  I ' 
Tn  like  manner  it   may  be  shewn  that  they  do  Dol   meet 
when  produced  towards  A.  C. 

AB  and  CD  are  parallel.  >  '"'•  -''■ 


M 
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Proposition  XXVIII.     Theorem. 

If  n  straight  line,  falling  upon  two  other  straight  i 
tin  exterior  angle  equal  to  the  interior  and  opposite  upon  tiu 
sanu  8«i  <>(  tl,<  line,  or  make  the  interior  angles  upon  tin 
side  together  equal  to  two  right  angles;  the  two  straight  lines 
are  parallel  to  one  another. 


Let  the  st.  lino  EF,  falling  on  st.  lines  AB,  CD,  make 
I.    z  BGB— corresponding  z  (ill I),  <>r 
II.    l  s  BGH,  GHD  together=tw<  rfc  z  s. 

Tin  a,   ',,,  ,  i!]n  ,■  case,  AB  must  be  ||  to  '  '/>. 

L  v  l  EGB  is  given=     '-///>,  Hyp. 

ami  z  A''//.'  is  known  to  be      i  AGH,  I.  15. 

.-.  iA(HI=  lGIID; 
and  these  are  alternate  z  s  ; 

.-.  AB  is ;:  to  '/>.  I.  87 

II.  V  z  s  £Gi7,  GHD  together = two  rt  ZB,         Hyp 

nnrl  z  s  In;  11,  .|>,7/  together = two  rt.  z  s,         I.  13 
/.  z  i  r.<;il.    IGH  together-  t  -  BGH,  GHD  together; 
.-.  i  AQH     .  GHD; 

.:  AB  is  ||  to  CD.  L  27. 

Q.  R.  D. 
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Note  5.  On  the  Sixth  Po.<t"i 

In  the  place  of  Euclid's  .^lxth  Postulate  many  modern 
writers  on  Geometn  as  more  evident  to  1  he  senses, 

the  following  Postulate  ; — 

"  Two  straight  lines  which  cut  one  another  cannot  both  be 
parallel  to  ti-  aight  line" 

If  this  be  assumed,  we  can  prove  Post.  6,  as  a  Theorem, 
thus  : 

Let  the  line  EF  falling  on  the  lines  AB,  CD  make  the  1  s 
BGH,  GHD  together  less  than  two  rr.  1  s.  Then  must  AB, 
CD  meet  when  produced  towards  B,  D. 


Fo    if  not,  suppose  AB  and  CD  to  be  parallel. 
Then  v  1  s  AGH,  BGH  together=two  rl  I.  13. 

and  1  s  GHD,  BGH  are  together  less  than  two  rt.  I  s, 
.'.  L  AGH  is  greater  than  1  GHD. 
Make  _  MGH  =  _  GHD,  and  produce  MG  to  N. 
Then  V  the  alternate  L  s  Mali,  (i III)  are  equal. 

.-.  MN  is  ||  to  CD.  [.27. 

Thus  two  lines  MN.      J!  which  cut  one  another  are  both 
parallel  to  CD,  which  is  impossible. 

.'.  AB  and  CD  are  *_jt  parallel. 
It  is  also  clear  that  they  meet  towaids  /',  D,  becausi 
Lies  between  GN  and  HD. 
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Proposition  XXIX.     Theorem. 

If  a  straight  1/vne  faU   upon   two  parallel  straight  lines,  it 
makes  the  two  interior  angles  upon  tin  sam  foer  equal 

In  two  right  angles,  mid  also  the  alternate  angles  equal 
another,  and  alto  the  exterior  angle  equal  to  the  interior  and 
apposite  upon  the  same  side. 

IE 


T 


<-x> 


If 
Let  the  st.  line  EF  fall  on  the  parallel  st.  lines  iB,  CD. 
Tin  a  in  list 

I.    zs  BGH,  GHD  together  =  two  rt.  l  s. 
II.    l  ^GLff-alternate  i  OHD. 
HI.    l   AV//>'  =  corresponding  l  Gill). 

I.    L  s  BOH,  d Hl>  cannot  be  together  lest  than  two  rt.  z  8, 
fur  then  .1 1>  and  <  'D  would  meet  if  j..<  dm  ed  towards 

B  and   l>.  T    -i.  (I. 

which  cannot  hi-,  for  they  an  parallel. 

Nor  can  zs   /;(/'//,  <:H1>  be  together  greakr  than   two 

rt.  i  s, 

for  then  l  s  AGH,  GHC  would  be  together  less  Mian 

two  rt.  l  s,  T.  13. 

and  .1  /.'.  ''I  i  would  meet  if  produced  towards  .!  and  (' 

I'o.st.  6 
which  cannot  he,  for  they  are  parallel, 
.-.  l  s  BOH,  <-lll>  together—two  rt.  ts. 
.  v     b  BOH,  '-III'  together—two  rt.  /s, 

and  .  -  BOH,  AOH  togethei    'two  rt  z  *,        I.  13. 
.•.  lb  BOH,  AOH  together-  is  BGH,  GHD  together, 
and  .-.  .   AOH        OHD.  Ax.  3. 

HI.  V  lAOH      .  OHD, 

d      AOH        KGB,  I.  ir>. 

.'.  l  EOB        <mi>  Ax.  l 

Q.  E    !■ 


i 
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Exercises. 

1.  If  through  a  point,  equidistant  from  two  parallel 
straight  lines,  two  straight  lines  be  drawn  cutting  the  parallel 
straight  lines;  they  will  intercept  equal  portions  of  the 
parallel  lines. 

2.  If  a  straight  line  be  drawn,  bisecting  one  of  the  angles 
of  a  triangle,  to  meet  the  opposite  sale  ;  the  straight  lines 
drawn  from  the  point  of  section,  parallel  to  the  other  sides 
and  terminated  by  those  sides,  will  be  equal. 

3.  If  any  straigh!"line  joining  two  parallel  straight  lines 
be  bisected,  any  other  straight  line, drawn  through  the  point  of 
bisection  to  meet  the  two  lines,  will  be  bisected  in  that  point. 

Note.  One  Theorem  (A)  is  said  to  be  the  converse  of  another 
Theorem  (B),  when  the  hypothesis  in  (A)  is  the  conclusion  in 
■B),  and  the  conclusion  in  (A)  is  the  hypothesis  in  (B). 

For  example,  the  Theorem  I.  A.  may  be  stated  thus  : 
Hijpotlwsis.  If  two  sides  of  a  triangle  be  equal. 
Conclusion.  The  angles  opposite  those  sides  must  also  be 
equal 

T.     converse  of  this  is  the  Theorem  I.  B.  Cor. : 
Hypothesis.  If  two  angles  of  a  triangle  be  equal 
Conclusion.  The  sides  opposite  those  angles  must  also  be 
equal. 

The  following  are  other  instances  : 
Postulate  vi.  is  the  converse  of  I.  17. 
I.  29  is  the  converse  of  I.  27  and  28. 


a  s. 
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Proposition  XXX.    Theorem. 

Straight    lines    which    are    parallel    to   the    same    straight 
li)>e  are  paraU,  1  to  one  another. 


Let  the  st.  lines  AB,  CD  be  each  ||  to  EF. 
Tina  must  ABU  ||  to  CD. 

Draw  the  st.  line  GH,  cutting  AB,  CD,  EF  in  the  pts. 
0,  P,  Q. 

Then  V  (ill  cute  the  ||  lines  AB,  EF 

.:  l  40P-=alternate  l  PQF.  I.  29. 

And  •.•  (HI  cuts  the  ||  lines  CD,  EF, 

.:  extr.  i  0PD=intr.  _  PQF ,  I 

.-.   iAOl'=  L  OPD) 

anil  these  are  alternate  an 

.-.  -!/•'  is  ||  to  CD  I.  27. 

y.  E.  D. 

The   following   Theorems  are   important     They  admit    "I 

proof,    and     an;     therefore     left     a       1'.  r     the 

Lent. 

I.  If  two  strai-ht  lines  be  parallel  t'>  two  other  straight 
lines,  each  t ■ .  each,  the  first  pair  make,  the  same  angles  with 
one  another  as  the  Becond. 

braighl    lines    be    perpendicular    to    two    other 
i  ach  t'>  each,  the  first  pair  male  the  same  angles 
with  on<  another  as  the  second 
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Proposition  XXXI.     Problem. 

Tu   draw   a    straight   line   through   a  given  point  parallel 
to  a  given  straight  line. 

E A F 


Let  A  be  the  given  pt.  and  BC  the  given  st.  line. 
It  is  required  to  draw  through  A  a  st.  line  \\  to  BC. 

In  BC  take  any  pt.  D,  and  join  AD. 

Make  i  DAE=  l  ADC.  I.  23. 

Produce  EA  to  F.     Then  EF  shall  be  'J  to  BC. 

For  v  AD,  meeting  EF  and  BC,  makes  the  alternate 
angles  equal,  that  is,  l  EAD=  l  A  DC, 

.:  EF  is  ||  to  BC.  1.23 

.*.  a  st.  line  has  been  drawn  through  A  |1  to  B( ' 

Q.   K.    K. 

Ex.  1.  From  a  given  point  draw  a  Btraighl  line,  to  make 
an  ani.de  with  a  given  straight  line  that  shall  be  equal  to 
a  given  angle. 

Ex.  2.  Through  a  given  point  A  draw  a  straight  line 
ABC,  meeting  two  parallel  Btraighl  lines  in  Band  C,  so  that 
BC  may  be  equal  to  a  given  straight  line. 
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Proposition  XXXII.     Theorem. 

If  a  tide   of  any  triangle   be  produced,  U     exterior  angh 

is  equal  to   the   two  interior    and    opposite   angles,    and  the 

tin-,,    int.  rim-   angles  of  every    triangle   are    together  equal  to 
two  right  angles. 


Let  ABO  be   a  A,  and   let   one  of  its  sidi  pro- 

duced  to  D. 

Titen  irill 
L      l  ACD=  l*ABC,  BACtoget) 
II.      l  s  ABC,  BAC,  ACB  togt  tl„  r  =  i ■>■<->  rt.  l  s. 

From  Cdraw  C#||to  AB.  I.  31. 

Then  I.  v  BD  meets  the  lis  EC,  AB, 

.-.  extr.  l  ECD=in\  I.  29. 

And  •.«  4  (7  meets  the  H"  EC,  AB, 

.:   iACE=ahvnvMr      BAC.  I.  29. 

.-.  lsECIk  ACE together=      a  ABO,  B  t<7  together; 

.'.  iACD=  zs  ABC,  B.4C  together. 
And  IT.  v    .:  b  ABC,  BAG  together*  .  ACB, 
to  "nrh  of  these  equals  add      A(  'I' ; 
dim  ^B  ABC,  BA  C,A  CB  together        s  AOD,   ICBtogether, 
.-.    .<  .1 /,'<*,  ll.\<\  ACT.  tn-rtlHT-    tn»rt,   ^s.       I.  la 

Q.   K.    I>. 

Ex.  1.  In  an  acute-angled   triangle,  any    two    angles    are 
greater  than  the  third. 

Ex  2.  The  straight  line,  which  bisects  the  external  v< 
angle  of  an  i  osceles  triangle  is  parallel  to  the  base. 
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Ex.  3  If  the  side  BC  of  the  triangle  ABC  be  produced  to 
1>,  and  AE  be  drawn  bisecting  the  angle  II AC  and  meeting 
BO  111  E  ;  shew  that  the  angles  ABD,  ACD  are  together 
double  of  the  angle  -I  ED. 

Ex.4.  If  the  straight  lines  bisecting  the  angles  at  the  base 
of  an  isosceles  triangle  be  produced  to  meet  ;  shew  that  tliej 
will  contain  an  angle  equal  to  an  exterior  angle  at  the  base  of 
the  triangle. 

Ex.  5.  If  the  .straight  line  bisecting  the  external  angle  of  a 
triangle  be  parallel  to  the  base  ;  prove  that  the  triangle  if 
isosceles. 

The  following  Corollaries  to  Prop.  32  were  first  given  in 
Simson's  Edition  of  Euclid. 

Cor.  1.  The  sum  of  the  interior  angles  of  any  rectilinear 
figure  together  with  four  right  angles  is  equal  to  tvria  as  many 
right  angles  as  the  figure  has  sides. 


Let  AB<'BE  be  anv  rectilinear  figure. 

Take  anv  pt.  F  within  the  figure,  and  from  E  draw  the 
st  lines  FA.  FB,  /'< '.  //'.  FE  to  the  angular  pts.  of  the  figure 

Then  there  are  formed  aa  many  zs  as  the  figure  has 
sides. 

The  three  L  s  in  each  of  these  As  together  =  two  it.  t  a. 

.-.all  the  zs  in  these  as  together=twice  a-  many  right 
L  s  as  there  are  AS,  that  is,  twice  as  many  rteht  -  8  as  the 
tn_'ure  has  si 

Now  angles  of  all  the  as=  i.  a  at  A,  B,  <\  I  .  B  and  -  - 
at  F. 

that  is,         =zs  of  the  figure  and  1  s  at  F, 
and  .-.  =  z  s  of  the  figure  and  four  it.   l  s.      L  15.  O 

.-.   is  of  the  figure  and  four  rt.  is=twice  afl  many  v 
as  the  figure  has  - 
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Cor.  _.    '/'     • '■(•  n '< >r  angles  of  any  convex  rectilinear  figure, 
by  producing  each  of  its  sides  in  s<<  m   together 

equal  to  four  right  angles. 

Every   interior  angle,  as  ABC,  and    its   adjacent  exterior 
angle,  as  ABD,  together  are  =  two  it.   z  s. 


•.all  the  intr.   zs  together   with  all  the  extr.  zs 

=  twice  as  many  rt.   L  S  as  the  figure  has  sides. 
But  all   the   intr.    z  s  together    with    four  rt.    i  s 

*=  twice  as  many  rt.  zsas  the  figure  baa  Bides. 
.•   all  the  intr.   zs  together  with  all  the  extr.   zs 
=  all  the  intr.  z  s  together  with  (our  it.    z  s. 

.'.  all  the  extr.  i  s=four  rt.  z  s. 
::.  The  latter  of  these  corollaries  refers  only  to  convex 
figures,  that  is,  figures  in  which  every  interior  angle   is   less 
than  two  right  angles.     When  a  figure  contains  an  angle  greater 


than  two  right  angles,  a.s  the  angle  marked  by  the  dotted  line 
.n  the  diagram,  tliis  ia  called  a  reflex  angle.    See  p.  149. 

!.  The  exterior  angles  of  a  quadrilateral  made  by  pro- 

d'lc'u  ether  equal  'o  the  '"»>  i i<>r 


Cook  i.j  rkorosiTiox  x.. 


Ex.  2.  Prove  that  the  interior  angles  of  a  hexagon  are  equal 
to  eight  right  ano 

Ex.  3.  Shew  that  the  angle   of  an  equiangular  pentagon  is  % 
•f  a  right  angle. 

Ex.  4.  How  many  sides  has  the  rectilinear  figure,  the  sum 
of  whose  interior  angles  is  double  that  of  its  exterior  angles  < 

Ex.  5.  How  many  sides   has  an  equiangular  polygon,  four 
of  whose  angles  are  together  equal  to  seven  right  angles  ? 


Proposition-  XXXIII.     Theorem. 

The  straight  lines  which  join  the  extremities  of  two  equal  and 
parallel  straight  lines,  towards  the  same  parts,  are  also  them 
selves  equal  and  parallel. 


C  D 

Let  the  equal  and  ||  st.  lines  AB,  CD  be  joined  towards  th* 
-  un.   parts  by  the  st.  lines  AC,  BD. 

Ti,      m  ust  AC  a n  I  BD  be  equal  and  ||. 

Join  BC. 
Then  ■.■  AB  is  II  to  CD 

.-.  l  JUC=alternate  l  DOB.  I.  29. 

Then  in  as  ABC,  BCD, 
V  AB=CD,  and  B( '  is  common,  and  i  ABG=  t  I"  'B, 

.-.  AC=  BD,  and  l  ACB=  t  M  I.  4. 

Tb«n  vBC,  meeting  AC  and  BD, 

makes  the  alternate  L  s  ACB,  ]>!■*    equal, 
.:AC is  \\  to  BD. 

cj.  E.  D. 
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}fi.<rellaneous  Exercises  on  Sections  1.  and  II. 

1.  If  two  exterior  angles  of  a  triangle  be  bisected  by 
straight  lines  which  meet  in  0;  prove  that  the  perpendiculars 
from  0  on  the  sides,  or  the  sides  produced,  of  the  triangle  are 
equal. 

2.  Trisect  a  right  angle. 

3.  The  bisectors  of  the  three  angles  of  a  triangle  meet  in 
one  point. 

4.  The  perpendiculars  to  the  three  sides  of  a  triangle  drawn 
from  the  middle  points  of  the  sides  meet  in  one  point. 

5.  The  an<r!e  between  the  bisector  of  the  angle  BAG  of  the 
triangle  ABG  and  the  perpendicular  from  A  on  BC,  is  equal 
to  half  t lie  difference  between  the  angles  at  B  and  C. 

6.  If  the  straight  line  AD  bisect  the  angle  at  A  of  the 
triangle  ABC,  and  BDE  be  drawn  perpendicular  to  A  />,  and 
meeting  AG,  or  AG  produced,  in  E;  shew  that  BD  is  equal 

to  i  >i;. 

7.  Divide  a  right-angled  triangle  into  two  isosceles  tri- 
angles. 

8.  AB,  CD  are  two  given  straight  lines.     Through  a  point 
£  between  them  draw  a  straight  line  ''■Ell,  such  that  ti 
tercepted  portion  OH  shall  be  bisected  (n  E. 

!>.  The  vertical  angle  0  of  a  triangle  OPQ  is  a  right,  acute, 
or  obtuse  angle,  according  as  <>!!,  the  line  bisecting  Pit>,  is 
equal  to,  greater  or  less  than  the  half  of  PQ. 

10.    Shew    by    means    of   Ex.    !>     how    to    draw    a    per] 
dicular  to  a  given  stiught  line  from  its  extremity  without  pro- 
ducing it. 


" 


i 


Book  I.]  EUCLID'S  ELEMENTS.  $<J 


SECTION  III. 
On  the  Equality  of  Rectilinear  Figures  in  respect  of  Area. 


The  amount  of  space  enclosed  by  a  Figure  is  called  the 
Area  of  that  figure. 

Euclid  calls  two  figures  equal  when  they  enclose  the  same 
amount  of  space.  They  may  be  dissimilar  in  shape,  but  if  the 
areas  contained  within  the  boundaries  of  the  figures  be  the 
same,  then  he  calls  the  figures  equal.  He  regards  a  triangle, 
for  example,  as  a  figure  having  sides  and  angles  and  area,  and 
he  proves  in  this  section  that  two  triangles  may  have  equality 
of  area,  though  the  sides  and  angles  of  each  may  be  unequal. 

Coincidence  of  their  boundaries  is  a  test  of  the  equality  of 
all  gpometrical  magnitudes,  as  we  explained  in  Note  1, 
page  14. 

In  the  case  of  lines  and  angles  it  is  the  only  test :  in  the 
case  of  figures  it  is  a  test,  but  not  the  only  test ;  as  we  shall 
shew  in  this  Section. 

The  sign  =,  standing  between  the  symbols  denoting  two 
figures,  must  be  read  is  equal  in  area  to. 

Before  we  proceed  to  prove  the  Propositions  included  in 
this  Section,  we  must  complete  the  list  of  Definitions  required 
in  Book  I.,  continuing  the  numbers  prefixed  to  the  definitions 
in  page  6. 
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Definitions. 

XXVI T.  A  Parallklogram  is  a 
four-sided    figure    whose    opposite 

M'lrs  are  parallel. 


-U 


For  brevity   we   often   designate   a  pa  two 

lettets  only,  which  mark  opposite  angles.     Tims  we  call  the 
figure  in  the  margin  the  parallelogram  .1''. 


X.W'Iir.  A  Rectangle  is  a  par- 
allelogram, having  one  of  its  angles 
a  right  angle. 


Hence  by  I.  ±),  all  the   angles   of  a   rectangle  are  right 

angles. 


XXIX.    A    Rhombus   is  a   par- 
allelogram, having  its  sides  equal 


XXX.  A    Square    is    a  paral- 
lelogram, having    us    Bides  equal 

ami    one;  of    its    angles    a  right 
angle 


Eence,    \>y    I.    2ft,    all   the    angles    of   a   square   are    right 
angles. 


XXXI.     A     rRAPEZItTO     is    a 
i'"l    figure   of  which  two 
sides  only  are  p  iralleL 


XXXII.  A  Diagonal  nf  n  four-sided  figure  i*  the  itraighl 

oining  two  .if  tin-  opp    ite  ungu'nr  p 
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XXXIII.   i'li.  Altitude  of  a  Parallelogram  is  the  perpen- 
dicular distance  oi  one  of  its  sides  from  the  side  opp 
regarded  as  the  I 

The  altitude  of  a  triaugle  is  the  perpendicular  distance  of 
one  of  its  angular  points  from  the  side  opposite,  regarded  as 
the  base. 

Thus  if  ABCD  be  a  parallelogram,  and  AE  a  perpendicular 
let  fall  from  A  t-  <  l>.  All  is  the  altitude  of  the  parallelogram, 
and  aiso  of  the  triangle  A  CD. 

B 


If  a  perpendicular  be  let  fall  from  B  to  DC  produced,  meet- 
ing DC  in  F,  BF  is  the  altitude  of  the  parallelogram. 

Exercises. 
Prove  the  following  theorems  : 

1.  The  diagonals  of  a  square  make  with  each  of  the  sides 
fi  angle  equal  to  half  a  right  angle. 
■2.  If  two  Btraight  lines  bisect  each  other,  the  lines  joining 
vtremities  will  form  a  parallelogram. 

3.  Straight  lines  bisecting  two  adjacent  angles  of  a  paral- 
lelogram intersect  at  right  angles. 

4.  If  the  straight  lines  joining  two  opposite  angular  points 
of  &  parallelogram  bisect  the  angles,  the  parallel  gram  has  all 
its  sides  equal. 

5.  If  the  opposite  angles  of  a  quadrilateral  be  equal,  the 
quadrilateral  is  a  parallelogram. 

6.  If  two  opposite  sides  of  a  quadrilateral  figure  be  equal  to 
one  another,  and  the  two  remaining  sides  be  also  equal  to  one 
another,  the  figure  is  a  parallelogram. 

7.  If  one  angle  of  a  rhombus  be  equal  to  two-thirds  of  two 
right   angles,   the    diagonal    drawn    from    that    angular    ] 
divides  the  rhoi  inilateral  I 
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Proposition-  XXXIV.     Theorem. 

7V  opposite  sides  and  angles  of  a  parallelogram  are  equal  to 
other,  and  the  diagonal  bisects  it. 


O  J) 

Let  ABDC  be  a  O,  and  BC  a  diagonal  of  the  O. 
Then  must       AB=DCnuA  A<'=l>i:, 
and         i  I:. !  C=  l  CDB,  and  l  A  BD=  i  ACD 
a  ABC=  a  DCB. 
For  v  A B  is  ||  to  CD,  and  B( '  meets  them, 

.*.  L  ABC= alternate  L  DCB  ,  \   29 

and  V  AC  is  ||  to  111),  and  BC  meets  them, 

.-.  L  ACB  =  alternate  *  DBC.  I.  29. 

Then  in  as  ABC,  DCB, 

v  i  AB('=  i  DCB,  and      M  B=  ..  ///r 
and  W  is  common,  a  side  adjacent  to  the  i  qual  -  b  in  each  ; 
...I/:  .  DO,  and  AC<=DB,  and  lBAC**lODB, 

and  &ABC=  b.DCB.  I.  B. 

Also  .7,1//=  *  DCB, and   c  />/;<'-  z  .('7.'. 

.-.  z  s  ^4L''  .  I'll' '  tOget  1i.t=  z  s  /><  7.',  4CB  together, 
thai  is,  *    !7?L>=  Z-4CD. 

Q.  E.  D. 

Ex.  1.  Shew  that   the  diagonals  of  a  parallelogram  bisect 
eat  li  other. 

.'    Shew  that  the  diagonals  of  a  rectangle  are  equal. 
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Proposition  XXXV.    Theorem. 

Parallelograms   on   the  same   base  and    between    the   same 
parallels  are  equal. 


Let  the  Ds  ABCD,  EBCF  be   on   the   same  base  BC 
and  between  the  same  ||s  A F,  BC. 

Then  must  O  ABCD=CJ  EBCF. 
Case  I.  If  AD,  EF  have  no  point  common  to  both, 
Then  in  the  as  FDC,  EAB, 

V  extr.  l  FDC=intr.  i  EAB,  I.  29. 

and  intr.  L  DFC=  extr.  L  AEB,  I.  29. 

and  DC=AB,  I.  34. 

,\  &FDC=  A  EAB.  L  *6. 

Now  O  ^BC'jD  with  A  JFDC=figure  ^BCF ; 
and  O  £BOF  with  A  iL4.B=figure  ABCF ; 
.-.  J  ABCD  with  a  FDC=EJ  EBCF  with  A  £^r> 
.-.  O  ABCD=£J  EBCF. 

Case  II.     If    the    sides    .-ID,   i?.F    overlap    one    another 
A        BJ ? 


the  same  method  of  proof  applies, 
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Cask  III.  If  the  Bides   opposite   to    BC  be  terminated  in 

the  saniL-  point  /'. 

4 n  y 


.b  a 

the  same  method  of  proof  is  applicable, 
but  it  is  easier  to  reason  thus  : 
Bach  of  the  Os  is  double  of       BDC ; 
.:  CJ  ABCD=E3  DBCF. 


1.34. 


Propiisti  im\  XXXVI. 
Parallelograms    on    equal    1 
parallels,  are  equal  to  on*  another. 


Theorem. 
and    between 


Q.  £.  D. 


</*o    mmm 


'    •   the  Ds  4BC1D,  EFC.H  be  on  equal  I  I       F0S 

and  between  the  Bame  ||s  .1  //.  BC. 

mutt  CD  Alienor     EFGE 
J..in  /:/:.  i  a. 
Theu  •./;'•     /'-'.  Hyp. 

and  EH  -  VQ  \  1.34. 

.-.  BC-  /•://: 

and  BC  is  ||  to  /://.  Hyp. 

.-.  El  II  ;  i.  33 

.•.  /y'/.''  7/  i-  a  parallelogram. 
Now      7  EBi  II        'ABCD,  I  35. 

V  thpy  aro  on  the  i  mi  base  BC  and  between  the  same 

and      '  I  lull        'EFGH,  I  35. 

V  they  an  &  thi    ame  ||a , 

■  //. 
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Proposition  XXXVII.    Theorem. 
/'  tangles    upon    tlie    same    base,    ami    between    the 


Let  A  s  ABC,  DBC  be  on  the  same  base  BC  and  between 
the  same  ||s  AD,  BC. 

Then  must  a  ABC '=  a  DBC. 

Vr>  in  B  draw  BE  H  to  CA  to  meet  DA  produced  in  E. 
Prom  C  dram  <'/•"  ||  to  /■'/'  Lo  meet  -4Z>  pioducid  in  F. 

Then  EBCA  and  FCBD  are  parallelograms, 

and  £7  JSBCJ. = £7  I< V#Z),  [.36 

V  t i . l y  are  on  the  same  base  and  between  the  same  ||s. 

A  A  BC  is  half  of  £7  EB(  'A,  I.  34 

and  A  /'/-' '  is  half  of  £7  7  C'£L> ;  I.  34. 

.-.  aABC=lI)L'\  Ax.  7. 

Q.  E.  L>. 

..  1.  If  P  be  a  point  in  a  side  AB  of  a  parallelogram 
AlH'D,  and  PC,  PD  be  joined,  the  triangles  r.\l>.  /'/■< 
together  equal  to  the  triangle  PDC. 

Ex.  2.  Tf  .1,  5   be   points    in    one,    and    C,    D    points   !n 
another  of  two  '   straight  lines,  and  the  line-     \l>.  B( 

int i   sect  i'i  E.  ihfti  the  triangles  AEC,  BED  are  rqnal. 
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Proposition  XXXVIII.     Theorem. 

Triangles  upon  equal  bases,  and  between  the  name  parallels, 
are  equal  to  one  another. 


Let  as  ABC,  DEF  be  on  equal  bases,  BC,  EF,  and 
between  the  same  ||s  BF,  AD. 

Then  must  A  ABC=  A  DEF . 

From  B  draw  BG  ||  to  CA  to  meet  DA  produced  in  O. 
From  F  draw  FH  \\  to  ED  to  meet  AD  produced  in  H. 
Then  CO  and  ELT  are  parallelograms,  and  they  are  equal, 
*.*  they  are  on  equal  bases  BC,  EF,  and  between  the  same 
Hs  BF,  GH.  I.  36 

Now  a  ABC  is  half  of  Ol  CG, 
and  a  DEF  is  half  of  EJ  EH ; 

.:  aABC=  &DEF.  Ax.  7. 

Q.  E.  D. 

Ex.  1.  Shew  that  a  straight  iine,  drawn  from  the  vertex 
of  a  triangle  to  bisect  the  base,  divides  the  triangle  into  two 
equal  | 

Ex.  2.   In  the  equal  sides  AB,  AC  of  an  isosceles  triangle 
I  /;< '  pninte  D,  E  are  taken  such  that  BD=AE.     Shew  that 
the  triangle!  CUD,  t  \  HE  are  equal. 
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Proposition  XXXTX.    Theorem. 

Equal  triangles  nr<  n  the  sa/nu  base,  and  upon  the  same  nidi 
of  it,  are  betaxcu  the  sam  parallels. 


a 

Let  the  equal  A  s  ABC,  DBG  be  on  the  sarae  base  BC,  and 
on  the  same  side  of  it. 

Join  AD. 

Then  must  AD  be  II  to  BO. 

For  if  not,  through  A  draw  A  0  II  to  BC,  so  is  to  meet  BD, 
01  BD  produced,  in  0,  and  join  OC. 

Then  '.'  as  ABC,  OBC  are  on  the  same  base  and  betwe< n 
the  same  ||s, 

.-.  A  ABC=  A  OBC.  I.  37. 

But  &ABC=  &DBC;  Hyp. 

.-.  a  OBC=  a  DBC, 
the  less=the  greater,  which  is  impossible  ; 
.-.  AO  is  not  ||  to  BC. 
In  the  saint  way  it  may  be  shewn  that  no  other  line  passing 
through  A  but  AD  is  ||  to  BC ; 

.-.  AD  is  ||  to  BC. 

Q.  E.  D. 

Ex.  1.  AD  is  parallel  to  BC ;  AC,  BD  meet  in  E ;  BC  is 
produced  to  P  bo  that  the  triangle  PEB  is  equal  to  the 
triangle  ABC :  shew  that  PD  is  parallel  to  AC. 

Ex.  2.  If  of  the  four   triangles   into   which    the   diagonals 
divide  a  quadrilateral,  two  opposite  ones  are  equal,  the  quad- 
rilateral has  two  opposite  sides  parallel, 
s.  *.  6 
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Proposition  XL.    Theorem. 

Equal  triangles  upon  equal  bases,  in  (1  ■ 
and  towards  the  same  parts,  are  between  the  same  parall  is. 


Let  the  equal  as  ABC,  DEF  be  on  equal  bases  BC,  EF 
in  the  same  st.  line  BF  and  towards  the  sauie  parts. 
Join  AD. 

Then  must  ADbe\\  to  BF. 

For  if  not,  through  A  draw  A  U     to  11F,  so  as  to  meet  El 
or  ED  produced,  in  0,  and  join  OM. 

Then  a  A1UJ=  &OEF,   '.'   they   are  on   equal   bases 
between  the  same  ||s.  I.  38. 

But  bABC=  a  DEF;  Hyp 

.-.  A  OEF=-  A  / 
the  less  =  the  greater,  which  is  impossible. 
.-.  .40  is  not  ||  to  BF. 
In  tlie  same  way  it  may  be  shewn  thai  no  other  line  passing 
through  A  but  AD  is  ||  to  BF, 

.-.  AD  is  ||  to  BF. 

Q.  E.  D. 

1.  The  sirai'_rlit  line,  joining  the  points  of  bisection  of 
two  gidi  -  of  a  triangle,  is  parallel  to  the  base,  ami  is  equal  to 
half  the  bi 

Ex.  2.  The  straight  lines,  joining  the  middle  points  of  the 
of  a  triangle,  divide  it  into  four  equal  triangles. 
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Proposition  XLI.  Theorem. 

If  a  parallelogram  1    •■'  a  tria  n  the  same  base,  ami 

between  the  scant  .  Ulelogram  is  double  of  'Jit 
triangle. 


Let  the  L~J  ABCD  and  the  a  EBC  be  on  the  same  base  BC 
and  between  the  same  |s  AE,  l<>  . 

Then  must  O  ABCD  be  double  of  a  EBC. 

Join  A  i '. 

Then  aABC=  A  EBC,  V  they  are  on  the  same  base  and 
between  the  same  ||a  ;  I.  37. 

and  O  ABCD  is  double  of  A  ABC,  v  AC  is  a  diagonal  ol 
ABCD  ;  I.  34. 

.-.  CJ  ABCD  is  double  ol  A  EBC. 

Q.  E.  D. 

Ex.   1.  If  from  a  point,  without  a  parallelogram,  there  be 
drawn  two  straight  lines  to  the  extremities  of  the  two  op] 
sides,  between  which,  when  produced,  the  point  does  not  lie, 
the  difference  of  the  triangles  thus  formed  is  equal  to  half  the 
parallelogram. 

Ex.  2.  The  t  s,  formed  by  drawing  straight  lines 

from  any  point  within  a  parallelogram  to  the  extremities  of 

its  opposite  sides,  are  together  half  of  the  paral!      p 
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Proposition  XLII.    Problem. 

V'/i  describe  «  'parallelogram  thai  shall  be  equal  to  a  given 
triangle,  and  hav<  one  uj  its  an<  ■  ngle. 


T        I  BC  he  the  piven  a  ,  and  D  the  rnven  l  . 
It  is  required  to  describe  a  EJ  equal  to  a  ABC,  having  one 
of  its  ls=  l  D. 

Bisect  BC  in  I'  and  join  .1  E  I.  10. 

At  Bmake  .  CEF*=  t  D.  I.  2a 

Draw  AFQ     to  BC,  and  from  Cdnm  <7G     bo  ST. 

/■'/•.'' v;  is  a  parallel 

Now  lAEB=*AEC, 
v  they  are  on  equal  basi  a  and  between  the    -me  ||s.         1.  38. 

.-.   A  .l/.Vis.l..nl.l«.  of  A  Al'.i 

But  CJ  FECQ  is  double  of  :.  AEC, 

'.'  they  are  «>n  Bame  base  and  between  same  ||s.  I.  41. 

.\CJFECQ=lA1  Ax.  G. 

and  .C7  /'/.m;  has  one  oi  CEF     i  D. 

.-.  CJ  FECQ  lias  been  described  as  ffas  reqd. 

Q.  K.    V. 

i.  Describe  a  triangle,  which  shall  be  equal  to  a  given 
parallelogram,  and  have  one  of  its  angles  equal  to  a  given 
rectilineal  angle. 

1.  Con  trucl  ■■  parallelogram,  equal  to  a  given  trie 
and  inch  thai  the  sum  of  il  -  Bides  -hall  be  equal  to  the  sum 
.if  the  rides  of  the  triangle. 

:;.  The  perimeter  oi  an  iso  c< ;  is  greater  than 

the  perimeter  of  a  i  which  is  of  the  Bame  altitude 

nth,  and  equal  to,  tire  given  trial 
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Proposition  XLIII.     Theorem. 
TJte  complements  of  vraUelograms,   which 

muter  of  any  parallelogram,  are  equal  to  one  another. 


Let  ABCD  be  a  £7,  of  which  BD  is  a  diagonal,  and 
EG,  HK  the  Ds  about  BD.  that  is,  through  which  BD 
passes, 

and  AF,  FG  the  other  Ds,  which  make  up  the  whole 
figure  ABCD, 

and  which  are  .'.  called  the  Complements. 
Tin  a  must  complement  AF=com  lement  FG. 
For  V  BD  is  a  diagonal  of  CD  A  < '. 

.'.  A  ABD=  A  GDI!  ;  I.  34. 

and  v  BF  is  a  diagonal  of  C  //;". 

.-.  A  HBF=  lKFII-  1.34. 

and  v  FD  is  a  diagonal  of  £7  EG, 

.:  aEFD=  aGDF  I.  34. 

Hence  sum  of  as  HBF,  EFD=sam  oi  ..  -  KFB,  GDF. 
Take  these  equals  from  t  a  .1  /.'/>.  CDJ5  respectively, 

then  remaining  ZZ7  AF=  remaining  ZZ7  /•>'.  ,\x.  3. 

Q.  E.  D. 

Ex.  l.  If    through     a    point     Q,    within    a    parallelogram 
ABCD-,  two  straight   lines   are  drawn   parallel  to  1 
and    rhe  parallelograms    OB,  OD  are  equal  ;    the   point    0  is 
in  the  diagonal  JC. 

Ex.2,  AB('D  is   a   parallelogram,  AMN  a   straight    line 
meeting  the  Bides  L'',  '7>  (one  of  them  being  prod 
M,  N.     Shew  that  tliu  triangle   MBN  is  equal  to  tfa 


. 
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Proposition  XLTV.     Problem. 

7V>  a  given  straight  line  t<>  apply  n  pa  eto,  which 

shall  In  equal  to  a  given  triangle,  and  have  o'i 
equal  to  a  given  angle. 


S  A. 

•    AB  be  the  given     t.   line,    G  the  risen   a,   D   the 

.'ivt'U    L  . 

It  it  required  to  api  ly  to  AB  a  EJ  =  A  (7 'ami  I 

of  iU   18*=*   L   l>. 

Make  a  /Z7=  aC,  and  having  one  oi  itaangles=  t  J>,     I.  42. 

and  suppose  it  to  be  removed  to  such  ..  position  that  one  of 
the  sides  containing  this  angle  is  in  the  same  st.  line  with  A  />'. 
and  let  the  ZZ7  be  denoted  by  BE1  '■' 

Produce  FO  to  //,  draw  A  I!  ||  to  BG  or  /;/•',  ami  join  I'll. 
Then  V  /•'//  n 

.-.  sum  <.f  z  a    I  ///■'.  HFE=>tvro  if.  z  s  ;  I.  20 

.*.  sum  nf  l  s  1'IKr.  III'!. 
.'.  -/iL',  J^B  will  meel  il  produced  towards  . 
in  meel 
Through  K  draw  A  I  or  FI1, 

and  produce  HA,  OB  to  '    fif, 

Then  ///A  A  is  a  /~7.  and  //A'  is  its  diagonal  ; 
and  .  I'/.  .U/.'  iouI   //A', 

.'.  complement  /•'/.    con  pl<  m  at  l>I\  I 

.*.  CJBL=  ;.<• 
■  the  O  A7,  has  one  of  its  ^  s,   ABM"  l  /.' 
.'.  equal  to  z  l>. 
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Proposition  XLV.     Problem. 

To  describe  a  parallelogram,,  which  shall  be  equal  to  a 
rectilinear  figure,  and  have  one  of  its  angles  equal  to  a 
angle. 


F        g    J 


K.         n    pt  <  ii 

Let  ABCD  be  the  given  rectil.  figure,  and  E  the  given  z  . 
It  is  required  to  describe  a  CO  =  to  ABCD,  having  one 
of  its  ls=  _  /.'. 

Join  AG. 
Describe  a  £7  FCtIK=  A  ABC,  having  z  FKH=  z  E. 

I.  42. 
To  GH  apply  a  O  GHML  =  y  CD  A,  having  t  GHM=  z  E. 

I.  44. 
Then  FKML  is  the  £7  n 
For  •.•  £  GJUfand  t  FKH  are  each=  z  JS  ; 
.-.   z  G7/.U=  t  FKH, 
.•.sum  of  zs  GifAf,  GHK=sam  of   zs  /'A'//.  <///  K 
=  two  rt.   z  s  ;  I.  29, 

.-.  KHM  is  a  st.  line.  I.  14. 

Aj|  :'  ,  •.•  //Ct  meets  the  ||a  FG.  KM, 
iFGH=  1  GEM, 
.-.sum  of  zs  FG1L  WH=Bum  of  zs  '///.!/.  /,/;// 
=  two  rt.  z  s  ;  I.  29. 

.'.  FGTj  is  a  st.  line.  1.  14. 

Then  V  1T.F  is  ||  to  IIG,  and  HG  is  ||  to  ZAf 

.-.  KF  is  ||  to  LM  :  I.  20. 

and  KM  has  been  shewn  to  be  ||  to  FL, 

.'.  FKML  i-  a  parallelogram, 
and  v  FB^       I  BC,  and  GM=  a  CD  A, 

.-.  £7  FJtf=  whole  rectil.  fig.  J  BCD, 
and  £7  f\U  has  one  of  its  z  s.  FKM=  1  E. 
In  the  same  way  a  £7  may  be  constructed  equal  to  a  given 
rectil.  ficr.  of  any  number  of  sides,  and   having  one  of  its  angles 
equal  to  a  given  angle.  '     B  F. 
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Miscellaneous  Exercises. 

1.  lr  one  diagonal  of  a  quadrilateral  bisect  the  other,  it 
divides  the  quadrilateral  into  two  equal  triangles. 

2.  If  from  any  point  in  the  diagonal,  <>r  the  diagonal  pro- 
duced, of  a  parallelogram,  straight  lines  lie  drawn  to  the 
opposite  angles,  they  will  cut  off  equal  trial) 

3.  In  a  trapezium  the  straight  line,  joining  the  middle 
points  of  the  parallel  sides,  bisects  tie-  trapezium. 

4.  The  diagonals  AC,  BI>  of  a  parallelogram  intersect  in 
0,  and  P  is  n  poinl  within  the  triangle. A OB  ;  prove  th.it  the 
difference  of  tie  ('!'!>,  J/'^is  equal  to  the  sum  t 
the  triangles  AFC  BPD. 

5.  If  either   diagonal    <>i'  a   parallelogram   he  equal   to    a 

■iide   of  the   figure,  the  other    diagonal    shall   be   greater   than 
any  side  of  the  figure. 

6.  If  through   the  angles  of"  a  parallelogram  four  bti 
lines  he  drawn  parallel  to  its  diagonals,  another  parallelogram 
will  be  formed,  the  area  of  which  will  be  double  that  of  tin 

ii  parallelogram. 

7.  If  two  triangles  have  two  sides  respectively  eqtuj  and 
the  included  angles  supplemental,  the  triangles  are  equal. 

8.  I  Lven   triangle  by  a  straight  line  drawn   I 

i  point  in  mi.      I'  the  -ides. 

!).  The  ba  e    I/;  .if  a  triangle    I /.'''is  produced  to  a  poinl 

b  tl    '    l'l>    •   ''piil   tip  .1/;,  aiel    Straight   lines  are  drawn 

from  A  and  /'  to  E,  the  middle  point  of  /;<';  prove  that  the 
triangL   A  in',  ia  equal  i<>  the  ti [angle  .1  /.'< '. 

ii i    Prove  that  a  pair  of  tin  ie  parallelograms, 

■i  nit  the  .lian  eter  of  any  para'lelngram,  arc  parallel 
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Proposition  XL VI.    Problem. 
To  describe  a  square  upon  a  given  straight  line. 


L  11.  Cor. 

1.31 
1.31. 

I.  34. 


Let  AB  be  the  given  st.  line. 

It  is  required  to  describe  a  square  on  AB. 

From  A  draw  AC  i.  to  AB. 

In  AG  make  AD=AB. 

Through  D  draw  BE  II  to  AB. 

Through  B  draw  BE  ||  to  AD. 

Then  AE  is  a  parallelogram, 

and.'.  AB=ED,  and  AD=BE. 

But  AH = AD; 

.'.  AB,  BE,  ED,  DA  are  all  equal ; 

.*.  AE  is  equilateral. 

And  l  BAD  is  a  right  angle. 

.'.  AE  is  a  square, 

and  it  is  described  on  AB. 

Q.  E.  F. 

Ex.  1.  Shew  how  to  construct  a  rectangle  whose  sides  are 
equal  to  twe  given  straight  lines. 

Ex.  2.  Shew  that  the  squares  on  equal  straight  lines  are 
equal. 

Ex.  3.  Shew  that  equal  squares  must  be  on  equal  straight 
line*. 

Note.  The  theorems  in  Ex.  2  and  3  are  a»»um»d  by  Euclid 
in  the  proof  of  Prop.  xLvm. 
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Proposition  XLVII.    Theorem. 

Tn  any  right  angled  triangle  the  square  which  is  described  on 
•  hi,  nding   the   right   angl 

'    right  <•■. 


r»      Z 


Lei  ABC  be  a  right-angled  A,bavingth<  i         /'  Id 

Thi  "  on  i  i       sum  <>f  sqq.  "/'  /•'  I .  .  I  I  '■ 

On  r.<\  C\.    \B      •■  .  the  sqq.  BD  EG,  CKHA,  AQT 
Tin..  .1  .1  /,  |  bo  Hi)  «.  i  ■  join  AD, 

Then  v  z  B.40  and  i/Mg!  are  both  it.  is, 

.-.  CAQ  m  a  Bfe  line  ;  I.  14 

and  v  l  BAG  and      G  I  //  are  both  rt  L  s  ; 

.  /■'   I    I  1.   14. 

DBO—  l  F1SA.  each  being  a  rt  t  , 
adding  bo  Much  l  .1  BO,  we  b 

.  r.j,      t  i  BO.  Ax.  2. 

Then  in  t  i  ABD,  I  /"' 

•AM     ■  /•'.  and  !  D     BO,  and  <  .1/7'        FBO, 

.-.  ^  .•    o      //.v  i  i. 

N    ■•    ~]  /•"        dnu  ilo  of  .'.   I  /.'/>.  "I,   iame  base   BD  and 

I.  41. 

BO  in  double  «*  >-.FH(\  on  iame  be  e  FB  and  be 

//;.  00  L  4] 


Book  L]  PKo,  i  //.  ?S 

Similarly,  by  joining  AE,  BK  it  may  be  shewn  that 
O  CL  =  sq.  ^K 

Now  aq.  on  BC=  sum  of  O  Bi  and  O  CL, 
=snm  of  sq.  BG  and  sq.  AK, 
=sum  of  sqq.  on  BA  and  AC. 

Q.  E.  D. 

Ex.  1.  Prove  that  the  square,  described  upon  the  diagonal 
■f  any  given  squire,  is  equal  to  twice  the  given  square. 

Ex.  2.  Find  a  line,  the  square  on  which  shall  be  equal  to 
the  sum  of  the  squares  on  three  given  straight  lines. 

Ex.  3.  If  one  angle  of  a  triangle  be  equal  to  the  sum  of 
the  other  two,  and  one  of  the  sides  containing  this  angle  being 
divided  into  four  equal  parts,  the  other  contains  three  of  those 
parts  ;  the  remaining  side  of  the  triangle  contains  five  such 
parts. 

Ex.4.  The  triangles  ABC,  DEF,  having  the  angles  ACB. 
DFE  right  angles,  have  also  the  Bides  All.  AG  equal  to  DE} 
DF,  each  to  each  ;  shew  that  the  triangles  are  equal  in  every 
respect. 

Note.  This  Theorem  has  been  already  deduced  as  a  Co- 
rollary  from  Prop.  E,  page  43. 

Ex.  5.  Divide  a  given  straight  "line  into  two  parts,  bo  that 
the  square  on  one  part  shall  he  double  of  the  square  on  the 
other. 

Ex.  6.  If  from  one   of  the   acute  angles  of  a  right-angled 
triangle  a  line  be  drawn  to  the  opposite  side,  the  square 
that  side  and  on  the  line  so  drawn  are  together  equal  to  the 

sum  of  the  squares  on  the  segment  adjacent  to  the  right  angle 
and  on  the  hj 

Ex.  7.  In  a>  v  triangle,  if  a  line  be  drawn  from  the  vertex  at 
right  angles  to  tl  <■  l»ase,  the  difference  between  the  Bquan 

the  sides  is  equal  to  the  diiference  between  the  squares  on  the 
segments  of  the  base. 
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Proposition  XLVIII.     Theorem. 

If  the  square  described  upon  one  of  tin  tides  of  a  triangle  be 
equal  to  the  squares  described  upon  the  otlier  two  aides  of  it,  the 

angle  contained  by  those  sides  is  a  right  angle. 


O 

Let  the  sq.  on  BC.  a  side  of  &ABC,  be  equal  to  the  sum  of 
the  sqq.  on  A  B,  .  I  ( '. 

77ic/t  must  l  BAC  be  a  rt.  angle. 
From  pt.  A  draw  -4-Dj.to  AG.  I.  11. 

Make  AD  =  AB,  and  join  DC. 
Then  :AD  =  AB, 

.'.  sq.  on  AD=aq.  on    IB;         I.  46,  E 
add  to  each  sq.  on    I ' 
then  sura  of  sqq.  on  AD,  ^4C=sum  of  sqq.  on  AB,  AC 
I '.nt  V  _  I >.i  C  is  a  rt.  angle, 

.'.  sq.  on  JDO=SUm  of  sqq.  on  AD,  AC  ;  I.  47. 

and,  by  hypothesis, 

sq.  on  jBC'=snm  of  sqq.  on  AB,  AC  ; 
.'.  sq.  on  DC=»q.  on  B( ' ; 

.-.DO-i   .  I.  46,  Ex.  3. 

Then  in  Al    •  (/•''.    1/"', 

v  AB       LP,  and  4Cb  common,  and  IH'=I><', 

;.  iBAC=  lDAV ■  La 

and  l  /MCis  a  rt.  angle,  by  const  ruction  ; 
.*.    l  l'..\<'  is  a  rt    angle. 

Q.  JC.  D. 


BOOK    II. 


INTRODUCTORY  REMARKS. 

The  geometrical  figure  with  which  we  are  chiefly  concerned 
in  this  book  is  the  Reoi  \nule.  A  rectangle  is  said  to  be  con- 
tained by  any  two  of  i  8  adjacent  sides. 

Thus  if  ABCD  be  a  rectangle,  it  is  said  to  be  contained  by 
AB.  AD,  or  by  any  other  pair  of  adjacent  sides. 


B  c 

"We  shall  use  the  abbreviation  rect.  AB,  AD  to  express  the 
words  "the  rectangle  contained  by  AB,  AD." 

We  sliall  make  frequent  use  of  a  Theorem  (employed,  but  not 
demonstrated,  by  Euclid)  which  may  be  thus  stated  and  proved  . 

Proposition  A.     Theorem. 
If  the  adjacent  sides  of  oru  rectangle  be  equal  to  tin   adjacent 
sides  of  another  rectangle,  each  to  each,  the  rectangles  are  equal 
in  area. 

Let  ABCD,  EFGH  be  two  rectangles  : 

and  let  AB=EF  and  BC=FG. 
A  DC  H 


Ti 


f 

Then  must  red.  ABCD=rect.  EFGH. 
For  if  the  reck  EFGH  be  applied  to  the  rect  ABCD,  so 
that  EF  coincides  with  AB, 

then  FG  will  fall  on  BC,  v  L  EFG=  i  A  B( '. 

and  G  will  coincide  with  C,  '.'  BC=FG. 
Similarly  it  may  be  shewn  that  H  will  coincide  with  h, 
.:  rect.  EFGH  coincidea  with  and  is  therefore  equal  to  rect 

ABCD.  *  &  D- 

77 
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Proposition  I.    Theorem. 

If  there  be  two  straight  lines,  one  of  which  is  divided  into 
any  number  of  parts,  the  rectangle  contained  by  aight 

lines  is  equal  to  th   re*  by  the  wndtvided  line 

and  tke  several  parts  of  the  divided  line. 


i      2£ 


Let  A  B  and  CD  he  two  given  st.  lines, 
and  lei  CD  be  divided  into  any  p;irfs  in  K,  F. 

Then  must  red.  AB,  CD=svm  of  n  LB,  GE  and  rtct. 
AH,  EFand  rect.  AB,  i  l> 

From  Cdraw  CO  •   to  CD,  and  in  '  'G  make  ('11  =  A  I:. 
Through  //  draw  II M  II  to  CD.  L  31. 

Through  /•:,  /•',  and  D  draw  EA',  /■  /..  VM    to  OH". 

Then  /.'A'  and  i  i  ich   >< '//.  ar<  •  ■•■  h      I  B. 

;  CK  and  BXand  PM. 

And  r.u-,,,,1.  j /;.  r/>,  •.•  CH=AB, 
CK  rect.  .1/:.  ' '/;.  •.■  Cfl  I/.', 
/■;/,=  reel     ./•'  •••  EK     .1/.' 

/■'.l/  i/;,  /■•/>.       •./'/.      1/ 

.-.  rect.  .1  /.'.  CD  sum  of  rect.  .[/:.  OS  and  reot,  .1/..  /.'/■' 
and  rect.  AB,  II >. 

q.  k.  r>. 

Ex  It  two  straight  lines  be  each  divided  into  any  number 
of  parts,  the  rectangle  contained  by  the  two  lines  in  equal  to 
the  rectangles  contained  by  all  the  parts  of  t  he  one  taken 
separately  with  all  the  parti  of  the  other. 
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Proposition  IL    Theorem. 

If  a  straight  '  '"I  into  any  two  parts,  the  rectangles 

contained  by  tin  mis  are  together  equal 

to  the  square  on  the  whole  line. 


V  FT) 

Let  the  st.  line  AB  "he  divided  iiito  any  two  parts  in  C. 
Then  mxist 

n  AB=sw  ■  .  A  B,  (  11. 

On  AB  describe  the  sq.  ADEB  I.  46. 

Through  Odraw  CF  li  to  AD.  I.  31. 

Then  AE=sum  ..f  AF  and  CM 
Now  ^4i?  is  the  s<[.  on  ^42J, 

AF^wct.  AB,  AC,        v  AD=AB, 
r/;=n  t  AB.  f/;,        v  BE^AB, 
.'.    q.  on  J_B=suui    f  rect.  AB,  ^ICandrect.  AB,  CR 

Q.  E 

Ex.  The  square  on  *  straight  line  is  equal  to  four  times  the 
square  on  half  the  line. 


So 
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Proposition  III.    Theorkm. 

If  a  straight  line  be  divided  into  any  t>rn  parts,  th-c  rectangle 
contained  l"<  tin.  whole  ami  one  oj  thi  j><iit.  u  equal  to  the  red 
angh  contained  by  the  two  parts  together  witli  Uie  square  on  thr 
aforesaid  paH. 


A  c 1 


Let  the  st.  line  AB  be  divided  into  any  two  parts  in  C. 

Then  m  ust 

red.  AB,  CB=sum  of  red.  AC,  CB  ami    f.  ->"  CB, 

On  CB  describe  the  sq.  CDEB.  I.  46 

From  A  draw  A  F  !!  t'>  CD,  meeting  ED  produced  in  F. 

Then  A  B=sum  of  AD  and  CE. 
Now  ,4£=rect.  Hi  CB,         '.'  BE=CB, 

4Z)-rect.  .ir.  r/,\        •.•  CD=CB, 
Cfi-sq.  un  or 

.'.  net.  .!  /.',  '7i  =  sum  of  rect.  AC,  CB  and  ^q.  on  05. 

Q.  E.  D. 

Note.  When  a  Btraight  line  is  cut  in  a  point,  the  distances 
of  the  |">i:  ii  from  the  ends  of  the  line  are  called  the 

tegmt nis  nt  i be  line. 

It'  b  line  .1  /•'  be  divided  in  ( ', 

called  the  internal  legmenti  of  AB. 

II  a  lino  AC  be  produced  to  B, 

A  /-'  and    I'll  are  ■  ailed   thl  .mh-IiU  ot   AC 
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Proposition  IV.     Theorem. 

If  a  straight  line  be  divided  into  any  two  parts,  the  square 
on  the  whole  Urn  is  equal  to  the  squares  on  the  two  parts  together 

uy&h  twice  the  rectangle  contained  by  the  parts. 


11 


D  G       S 

Let  the  st.  line  AB  be  divided  into  any  two  parts  in  C. 
Then  must 
$q.  on  AB—sum  of  sqq.  on  AC,  CB  and  twice  red.  AC,  CB. 

On  AB  describe  the  sq.  A  DEB.  I.  46. 

From  AD  cut  off  AH  =  CB.     Then  HD=AC. 
Draw  CG-  ||  to  AD,  and  HK  j|  to  AB,  meeting  CO  in  F.  ] 

Then  v  BK=AH,      .:  BK=  <  ']:.  Ax.  i. 

.\  BK,  KF,  FC,  CB  are  all  equal  ;  and  KBC  is  »rtz; 

.-.  CK  is  the  sq.  on  CB.  Def.  xxx. 

Also  HG  =  sq.  on  AC,        V  HF  and  J3D  each--4<7. 
Now  AE=>\nn  of  ff<?,  GET,  AF,  FE, 
AE  =  sq.  on  .45, 


and 


HG=sq.  on  .40, 
CS:=sq.  on  CB, 
.•lJF=rect.  ^r,  CB, 
FE =rect.  .4C,  CB, 


CF=CB, 
FG=AC  and  .F^ 


CB. 


.'.  sq.  on  .<LB  =  sum  of  sqq.  on  ^C,  CB  and  twice  rect.  A  C,CB 

Q.  E.  D. 

Ex.  In  a  triangle,  whose  vertical  angle  is  a  right  angle,  a 
straight  line  is  drawn  from  the  vertex  perpendicular  to  the 
base.  Shew  that  the  rectangle,  contained  by  the  segments  of 
the  base,  is  equal  to  the  square  on  the  perpendicular. 
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Proposition  V.     Theorem. 

If  a  straight  line  be  divided  into  two  equal  penis  and  also 
into  I"'"  unequal  parts,  tfu   rectangle  contained 

.  tofther  with  ike  square  on  the  line  between  the  points' of 
equal  to  th  square  on  half  the  line. 

p.    B 


K 


u 


K 


a     f 


Let  the  st  line  AB  be  divided  equally  in  C  and  unequally 
in  D 
Th*  n 

net,  AD,  DB  together  with  $q.  on  CD    sq.  on  CB. 

On  CB  describe  the  Bq.  CEFB.  1.  16. 

Draw  l><!  ||  to  CE,  and  from  it  cut  •  ff  /'//     DB.  I.  31. 

Draw  HLK  \\  t<>  AD,  and  AK  ||  t<,  1>1I.  1.  31. 


Then  rect.  DF    ■■   I    I  /,. 
A.lso  /.'.'      q  on  CD, 


:■  I'.F ■■  AC,  md  BD=CL. 
:■  l.ll    CD,      d  in:    CD 


nun  reci  Al',  :  er  with  sq.  on  CD 

=  .l  II  I      Bthl  r  with   LQ 

=siun  nf  A  I.  and  f  7/  and  /.'>' 
=  sn,M  pi  D.F  and  dl  and  LO 

mnCF 

■■Bq,  cm  ( Si 


Q.  E.  D. 
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Proposition  VI.    Theorem. 

If  a  straight  line  be  bisected  ami  produced  to  any  poiit 
rtctangU  contained  by  the  whole  li>><  thus  produced  and  //<• 
ofitprodu  arith  the  squart  on  half  tfu  lint  bisected, 

is  equal  to  ifu  squai    on  tht  straight  lim    wh  i  up  of 

tlw  half  and  the  pan  t  j>rodaced. 


A                     < 

Ji      J} 

V 

£                 L 

£ 


G 


Let  the  st.  line  A  B  be  bisected  in  C  and  produced  to  D 
'lit en  mi'  ' 

red.  AD,  DB  togetht  CB=sq.  on  CD. 

On  <'D  describe  the  sq.  CEFD. 

Draw  BG  ||  to  ('/•;.  and  cut  off  BJl  =  BD. 
Through  ffdraw  KLM  ||  to  Al> 
Through  A  draw  AK  II  to  CE. 


I.  46. 
I  31 
1.31. 


Now  v  -BG=  CD  and  BH=BD  ; 

.-.  in;  =  <]:-, 

.-.  rect.  3/(r  =  rect.  Ji. 

Then  rect.  JD,  /;/?  together  with  sq.  on  CB 
=  suin  of  AM  and  L(r 
=  sum  of  J  /.  and  ( 'M  and  /.'>' 
=sum  of  MG  and  CAT  and  LG 
=  CF 
—so.  on  CD. 


Ax.  3. 

II.   A. 


<j.  e  n 
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Note.    We  here  give  the  proof  of  an    important  theorem, 
which  is  usually  placed  as  a  corollary  to  Proposition  V. 

Proposition  B.     Theorem. 

Th  difference  between  the  squares  on  any  two  straight  lines 
is  equal  to  the  rectangle  contained  by  the  sum  and  differenceof 

tlwse  lines. 


J) J8 


Lei  Ac,  CD  be  two  st.  linos,  pf  which  AC  is  the  greater, 
•""l  Ih  ,1"'111  be  placed  so  as  to  form  our  st.  line  AD. 
Produce  AD  to  B,  making  CB*=AG. 
Then  AD=the  sum  of  the  lines  AC,  CD 
and  Dl?=the  difference  of  the  lines  Ac.  <  D 
Then  must  difference  between  sqq.  on  AC,  CD-red.  AD,  DB. 
On  OB  describe  the  Bq.  (  i  |    f<;. 

Drain  D(?  fl  to  CE,  and  from  it  cut  off  DH*  DB.  L  31. 

Draw  ///.A'  |  to  J/',  and  .J  A" ,,  to  DB  I.  :u. 

Then  rect.  />/■'    rect  A  I..  ,BF°  AC,  aid  BD~CL. 
Also  /.'■■     jq.  on  CD,      ■•  /.//     CD,  and  //'■'     CD. 
Then  d  IB  rence  between  sqq.  on  .,c.  CD 

=» difference  between  Bqq.  on  CB,  CD 
=smn  of  CB  and  />/■' 
im  "i  (  7/  and    1  / 
=  Aff 

—rect  .-I  D,  />// 
—rect  .W>.  /'/;. 

Q.  E.  D. 

I'..  Shew  that  Propositions  V.  and  VI  migbl  bi   deduced 
from  this  P 


tt] 


PROposfttox  vn. 
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Proposition  VII.     Tueorkm. 

jjf  a  straight  line  be  divided  into  any  two  parte,  the 
squares  on  tin  whole  line  and  on  one  of  the  park  cm  equal 
to   twice  the   recta  d  by  th<    whole  and  (hat  part 

together  with  the  sqwan  on  the  other  part. 


C B 


K 


2>  F     S 

Let  AB  be  divided  into  any  two  parts  in  C. 
Tli'tt  must 
eqq.  on  AB,  BC=twicc  red.  AB,  BC  together  with  sq.  on  AG. 
On  AB  describe  the  sq.  A  DEB.  L46 

From  AD  cut  off  AH  =  CB. 

Draw  CF  ||  to  AD  and  HGK  ||  to  AB.  I.  31. 

Then  HF=sq.  on  AC,  and  CK=sq.  on  CB. 

Then  sqq.  on  AB,  BC=snm  of  A  E  and  CK 

=sum  of  A  K,  HF,  GE  and  CK 
=suni  of  AK,  JIFimd  GE. 

Now  AK=*rect.  All  BG,         v  BK=BC ; 
(  7-;=iect.  AB.  B(  \         :■  BE=AB  ; 
HF=sq.  on  AC. 
.'.sqq.  on  AB,  BC=  twice  rect,  41?,  JBO  together  with  sq.  on^4G 

Q.  E.  D. 

Ex.  If  straight  lines  be  drawn  from  G  to  B  and  from  0 
(0  /'.  shew  that  P(rjD  is  q  Btraight  lu 
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Proposition  VIII.     Theohkm. 

If  a  straight   14/ne   be    divided    into   any   two  parts,  four 
timet  the  rectangle  contained  by  the  whole  Urn  a  i  ont  of  the 

Ju  r  with  tin-  square  on   //•>    oiht  r 
the  square  on  tin'  straight  line  which  is  made  up  of  tin  whole 
and  the  first 


2  J 


A 


IT 


v 


1L       L     F 


I.  40. 

I.  31. 


Let  the  Bt.  line  AB  be  divided  into  any  two  parte  in  C. 

Produce  A  B  to  D,  bo  that  BD=  EG. 
Then  must  four  times  rect.   AB,   BC  together  with  sq.  on 
tC=asq.  on  A  Ik 

On  A  l>  describe  the  sq.  A  EFD. 
From  AE  cut  off  AM  and  MX  eaqh  =  C!B. 
Through  <'.  B draw  OH,  /•'/.     to  AE. 
Through  M,  A  draw    U'.'A.Y.  .\  PRO    to  40. 
Now  v XE=AC,  and  .V/' ,-.ir.  ..  .W/-  -.,.  dd  .1' 

Also  AQ    Ml'    PL     HI'.  II.  J 

and  CjK     '■/.'     b  \     A".  4.  a. 

.•.  sum  <<\  these  eighl  r<  ctangles 

Bsfoar  tii  m  of  AQ,  I 

=  f<mr  times  AK 
Bsfour  times  r<  ct,  .1  B,  ! 
Then  four  times  rect,  .!/>'.  BC  and  sq.  on  AC 
=  suni  of  the  eighl  i  ad  XII 

-A  EFD 

!    OB     I  l>  "■  T), 
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I      position  IX.    Theorem. 

It  a  straight  equal,  and  also  into 

two   unequal  parts,  the  squares  on  the  two  unequal  parts  ore 
together   double   of  th.    square   on    halj  vnd  oj    tin- 

square  on  Hie  line  /-  Tween  the  points  of  section. 


Let  AB  be  divided  equally  in  C  and  unequally  in  D. 
Th  a 
t  a  in  of  sqq.  mi  AD,  L)B=t  -77-  ":>  AC,  CD, 

Draw  CE=  AC  at  it.  l  s  to  AH.  and  join  EA,  Ell 
Draw  DJF  at  rt.  t  a  to  -47.',  meeting  V-.7;  in  /'. 
Draw  jF(x  at  rt.   z  3  to  /:( ',  and  join  AF 
Then  v  z  -1'7-.'  is  a  rt.  z, 
.*.  sum  of  L  s  -i  E< '.  EA  ( '=a  rt.  z  ; 
and  v  z  AEC=  1  EAC, 
.:  lAEC^hnifa  rt.  l. 
tlso  z  /'/•;''  and  -  1,'LV  are  each=balf  a  rt.  z  . 
e  z  ^l-Bi^  is  a  rt.  z  . 
Also,  V  z  GEF  is  half  a  rt,   z  ,  and  z  £&F  is  a  rt.  z 
.-.  z  AT',  is  half  a  rt.  z  ; 
...  c  EFG=  -  GEF,  and  .-.  EG=GF. 
So  also  z  /;/■/>  is  half  a  it.  i  ,  and  £!>=  /</'. 


I.  32. 
I.  A. 


L  b.  Cor. 


Now  sum  of  sqq.  on  A  D,  DJ5 

==sq.  on  AD  tog  ther  with  Bq.  on  DF 
=  sq.  on  A  F  1-  47. 

=sq.  on  ther  with  sq.  on  EE  I.  47. 

=  sqq.  on  ^4C,  EC together  '•  47. 

=  twice  sq.  on  .1''  tog  ither  with  twice  Bq.  on  GF 
sstwice  Bq.  on  AC  together  with  twice  .<q.  00  CD. 
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Proposition  X.     Thkotii  ml 

If  a  straight  line  be  bisected  and  produced  to  any  point, 

the  square  on  the  whole  line  thus  produced  and  the  square  on 
flu-    part   of  it  produced  are  together  donhh    of  the  aqua 
half  Vie  line  bisected  and  of  I  mad*  up 

of  the  half  and  the  part  prod  tin  d. 


Let  the  st.  line  AB  be  bisected  in  C  and  produced  to  ]>. 

Tht  a  mtist 

sum- of  sqq.  on  AD,  BD=*tivict  sum  of  sqq.  on  AC,  CD. 

Draw  CE±  to  AB,  and  make  GE=AC. 
Join  EA,  EB  and  .haw  EF  ||  to  A  I>  and  DF  ||  to  (  /.'. 
Then  '.'  L  a  FEB,  EFJ)  are   ogether  less  than  two  rt.  . 

.■.  KB  and  FD  will  meet  if  produced  towards  B,  D 
in  some  pt.  G. 

Join  AG. 

Then  v       WE  is  a  rt.  a, 

.%    isEAC,  AEG  together = a  it.  z, 

and  v  z  £40=  z  A  EC, 

.*.  z  AEC=ha3ta  it.  z  . 

.-.,  also  <  a  B2?C,  BBC each=half  a  rt.  z. 

.-.  z  .-1  EB  i-  a  it.  z  . 
Also     DBG,  which-  t  EBC,  is  half  a  rt.  z, 
and  .-.  t  BQD  ia  half  a  rt.  <  ; 
.-.  BD~DG. 
Again,  •.■  z  F£#=half  a  rt  z  ,  and      EFO  is  a  rt, 


1.   A. 


T.  n.  Cor 

z  ,  I.  34. 
J.  B.  C.r. 


FEQ=*ho\£a  it     .:  ,  and   EF*=FQ. 

Then  »uni  of  Bqq.  on    1 1>.  I >i: 
=  siim  of  sqq.  on  A  I >.  I"! 

I  on  .1 Q  I.  47. 

=sq.  on  .1  E  tog<  ther  with  sq.  on  EO  I.  17. 

=sq(j.  on  AC,  E( '  together  with  sqq.  on  EF,  FG    I.  17. 
■■twice  sq.  on    1(7  together  with  twice  Bq.  on  EF 
-=»tu  ice  Bq.  "ti  .1 0  together  with  twice  sq.  on  CD.  q.  e.  d. 


Book  II.] 


PROPOSITION  XI. 


89 


Proposition'  XL     Problem. 

To  divide  a  given  .<traig}/t  line  into  two  parts,  so  thai  the  rect- 
*ngle  contain  /  hy  the  whole  and  one  of  the  parts  shall  be  equal 
to  the  square  on  the  other  part. 


-■J? 


Let  AB  be  the  given  st.  line. 

On  AB  descr.  the  sq.  ADCH. 

Bisect  AD  in  E  and  join  EB. 

Produce  DA  to  F,  making  EF=EB. 

On  AF  descr.  the  sq.  AFGH. 

Then  AB  is  dwub  d  in  H  so  that  rect.  AB,  BII=sq.  on  A  If. 

Produce  'ill  to  K. 
Then  v  DA  is  bisected  in  E  and  produced  to  F, 
.*.  rect.  DF,  FA  together  with  sq.  on  AE 
=sq.  on  EF 

=sq.  on  i'B,         V  EB=EF, 
=sum  of  sqq.  on  AB,  AE. 
Take  from  each  the  square  on  AE. 

Then  rect.  DF,  FA=sc[.  on  AB. 

■  FG=FA. 


1.46. 
J.  10. 

1.46. 


II.  6. 

1.47. 

Ax.  3. 


Now  i^T=rect.  DF,  FA, 

.:  FK=AC. 

Take  from  each  the  common  part  AK. 

Then  FH=IJ<   ; 

that  is,  sq.  on  ^il=rect.  AB,  BH,         v  BC=AB. 

Thus  AB  is  divided  in  H  as  was  reqd. 

'.'.    K.    W. 

Ex.  Shew  that  the  squares  on  the  whole  line  and  one  of  the 
parts  are  equal  to  three  times  the  square  on  the  other  part. 
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PnorosmoN  XTI.    Theorem:. 

In  obtuse-angled  triangles,  if  a  perpendicular  be  drawn  from 
either  of  the  acute  angles  to  the  opposite  side  produced,  the  square 
on  the  side  subtending  tin  obtuse  angle  is  greater  th   n  th  gq 
on  the  sides  containing  the  obtuse  angle,  by  tunce  th 
cm  '"ined  by  the  side,  upon  which,  wlien  produced,  th- 
cular  falls,  and  the  straight  lint  intt  ret  pted  without  the  <? 
between  tlie  perpendicular  and  the  obtuse  angle. 


Let  ABC  be  an  obtuse-annd<  <1  A  ,  having  L  ACB  obtuse. 

From  A  draw  AD  _l  to  BO  produced. 
Then  must  sq.  on  AB  be  greater  than  sunt  of  sqq.  on  BC, 
twice  rect.  BC,  CD. 

For  since  BD  is  divided  into  two  parts  in  C, 
sq.  on  BD  =  sum  of  sqq.  on  BC,  ( '/'.  and  twice  rect.  BC,  <  T>. 

II.  L 
Add  to  each  sq.  on  DA  :  then 
sura  of  sqq.  on   r>!>,  i>.-l  =sum  of  sqq.  on  B£J,  CD,  DA   and 
twice  rect.  BC,  CD. 

Now  sqq.  on  BT>,  DA  =  sq.  on  AB,  I.  47. 

and  sqq.  on  '  7',  DA  =  sq.  on  CA  ;  I.  47. 

.'.  sq.  on  A B= sum  of  sqq.  on  BC,  CA  and  twice  rect.  I'C,  CD. 
.-.  sq.  on   A  11  is  greater  than  sum  of  sqq.  on  BC,  CA   \>y 
twice  .  CD. 

I..  D. 

The    squares   on    the   diagonals   of  a  trapezium    are 
together  equal  to  the  squares  on  its  two  subs,  which  are  not 

•1,  and  twice  the  rectangle  contained  by  the  sides,  which 
are  parallel. 
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Proposition  XIII.     Theorem. 

In  ever  11  'Ju  squan   on  the  side  subtending  any  of 

■  than  the  squares  on  the  sides  containing 

that  angle,  by  tv  ained  by  1  itfu  r  of  these  sides 

ami  tlte  straight  lint   i  tercepted  b  tween  ike  perpendicular,  let 

fall  upon  it  from  th  opposite  angle,  and  the  acute  angle, 

Fio.  2. 


*»  -D  B  C 

Let  ABC  he  any  a  ,  having  the  z  ABC  acute. 

From  A  draw  AD  JL  to  BG  or  B( '  produced. 
Then  must  sq.  on  AC  be  less  than  the  sum  of  sqq.  on  AB, 
.  rect.  BC,  BD. 

For  iu  Fig.  1  BC  is  divided  into  two  parts  in  D, 
and  in  Fig.  2  BI)  is  divided  into  two  parts  in  C ; 

.•.  in  both  cases 
sum  of  sqq.  on  BC,  BD  =  sum  of  twice  rect.  BC.  BD  and 
sq.  on  CD.  II.  7. 

Add  to  each  the  sq.  on  DA,  then 
of  sqq.  on  BC,  BD,  DA=sam  of  twice  rect.  BG,  BD 
and  sqq.  on  CD,  DA  ; 

.•.  sum  of  sqq.  on  BC,  A  B=sum  of  twice  rect.  BC,  BD  and 
sq.  on  AG  ;  I.  -47. 

.".  sq.  on  AC  is  less  tlian  sum  of  sqq.  on  AB,  BC  by  twice 
rect.  BC,  BD. 

The  case,  in  which  the  perpendicular  AD  coincides  with  AC, 
needs  no  proof. 

Q.  E.  D. 

fix.  Frove  that  the  sum  of  the  squares  on  any  two  sides  of 
a  triangle  is  equal  to  twice  the  sum  of  the  squares  on  half  the 
base  and  on  the  line  joining  the  vertical  angle  with  the  middle 
point  of  the  base, 


gt 


EUCLT&S  ELEMENTS. 


[Book  II. 


Proposition  XIV.     Problem. 

To  describe  a  square  tfiat  shall  be  equal  to  a  given  rectilinear 
Jig-ure. 


Let  A  be  the  given  rectil.  figure. 
It  is  req'd.  to  describe  a  square  that  .<li>dl  —  A. 

Describe  the  rectangular  CJ  B('DE=A.         T.  45, 
Then  if  BE=E1)  £he  O  BCDE  is  a  .-.|uare, 
and  what  was  reqd.  is  done. 

But  if  BE  be  uot  =  ED,  produce  BE  to  F,  so  that  EF=  El'. 
i  /./'  in  Q  ;  and  with  centre  (!  and  distance  GB. 

describe  the  Bemicircle  /•'// /'. 
Produce  DE  to  //  and  join    '//. 

Then,  •.'  BF  i>  divided  equally  in  0  and  unequal^  in  E, 

.-.  rect.  BE,  EF  together  with  sq.  on 

=sq  mi,  QF  II.  5. 

=s<|.  un  an 

=  snni  ofsqq.  on  /•;//,  CI.  I.  47. 

Take  from  each  the  Bquare  on  <•  E. 

Then  rect  /.'/:.  /:/•'    sq.  on  /;//. 
But  rect.  /.■/:.  /:/•     /;/'.       •.•  EF—ED\ 

on  /'//      /.7'  : 
.*.  sq.  nn  /■://  =  rectil  figure  A. 

q.  e.  r. 
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Miscellaneous  Exercises  on  Book  II. 

1.  In  s  triangle,  whose  vertical  angle  is  a  rigm  angle,  a 
straight  line  is  drawn  from  the  vertex  perpendicular  to  the 
base  ;  shew  that  the  squaie  on  either  of  the  sides  adjacent  to 
the  right  angle  is  equal  to  the  rectangle  contained  by  the 
base  and  the  segment  of  it  adjacent  to  that  side. 

2.  The  squares  on  the  diagonals  of  a  parallelogram  are  to- 
gether equal  to  the  squares  on  the  four  sides. 

3.  If  ABCD  be  any  rectangle,  and  0  any  point  either 
within  or  without  the  rectangle,  shew  that  the  sum  of  the 
squares  on  OA,  OC  is  equal  to  the  sum  of  the  squares  on  OB, 
OD. 

4.  If  either  diagonal  of  a  parallelogram  be  equal  to  one  of 
the  sides  about  the  opposite  angle  of  the  figure,  the  square  on 
it  shall  be  less  than  the  square  on  the  other  diameter,  by  twice 
the  square  on  the  other  side  about  that  opposite  angle. 

5.  Produce  a  given  straight  line  AB  to  C,  so  that  the  rect- 
angle, contained  by  the  sum  and  difference  of  AB  and  AC.  may 
oe  equal  to  a  given  square. 

6.  Shew  that  the  sum  of  the  squares  on  the  diagonals  of  any 
quadrilateral  is  less  than  the  sum  of  the  squares  on  the  four 
sides,  by  four  times  the  square  on  the  line  joining  the  middle 
points  of  the  diagonals. 

7.  If  the  square  on  the  perpendicular  from  the  vertex  of  a 
triangle  is  equal  to  the  rectangle,  contained  by  the  Begm 

of  the  base,  the  vertical  an<:le  is  a  right  anyle. 

8.  If  two  straight  lines  be  given,  shew  how  to  produce  one 
of  them  so  that  the  rectangle  contained  by  it  and  the  produced 
part  may  be  <  jual  to  the  square  on  the  other. 

9.  If  a  straight  line  be  divided  into  three  parts,  the  square 
on  the  whole  line  is  equal  to  the  sum  of  the  squares  on  the  parts 
together  with  twice  the  rectangle  contained  by  each  two  of  the 
parts. 
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10.  In  any  quadrilateral  the  squares  on  the  diagonals  are 
together  e^ual  to  twice  the  sum  of  the  squares  on  the  straight 
lines  joining  the  middle  points  of  opposite  sides. 

11.  If  straight  lines  be  drawn  from  each  angle  of  a  triangle 
to  bisect  the  opposite  sides,  four  times  the  sum  of  the  squares 
on  these  lines  is  equal  to  three  times  the  sum  of  the  squares  on 
the  sides  of  the  triangle. 

12.  CD  is  drawn  perpendicular  to  AB,  a,  side  of  the  triangle 
ABC,  in  which  AC=  AB.  Shew  that  the  square  on  CD  is 
equal  to  the  square  on  BD  together  with  twice  the  rectangle 
MKDB. 

13.  The  hypotenuse  .1 />' of  a  right-angled  triangle  A  >. 
trisected  in  the  points  /'.  B;  prove  that  if  CD,  CE 

the  sura  of  the  squares  on  the  sides  of  the  triangle  CI 
equal  to  two-thirds  of  the  square  on  AB. 

14.  The  square  on  the  hypotenuse  of  an  i  Jit  angled 
triangle  is  equal  to  four  times  the  Bquare  on  the  perpendicular 
from  the  right  angle  on  the  hypotenuse. 

15.  Divide  a  given  straight  line  into  tuo  parts,  so  that 
tin-  rectangle  contained  by  them  Bhall  be  equal  to  tho  b< 
described  upon  a  Btraight  line,  which  is  less  than  half  the  li>e 
divided. 
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Note  6. — On  the  Measurement  of  Areas. 

To  measure  a  Magnitude  we  fix  upon  some  magnitude  of  the 
same  kind  to  serve  as  a  standard  or  unit ;  and  then  any 
magnitude  of  that  kind  is  measured  by  the  number  of  times  it 
contains  this  unit,  and  this  number  is  called  the  Measure  of 
the  quantity. 

Suppose,  for  instance,  we  wish  to  measure  a  straight  line 
AB.     We  take  another  straight  line  EF  for  our  standard, 


A  B  C  D  E    F 

and  then  we  say 

if  A B  contain  EF  three  times,  the  measure  of  AB  is  3, 

if four 4, 

if x    x. 

xt  suppose  we  wish  to  measure  two  straight  lines  AB, 
CD  by  the  same  standard  EF. 
If  AB  contain  EF  m  time3 

and  CD n  times, 

where  m  and  n  stand  for  numbers,  whole  or  fractional,  we  say 
that  AB  and  CD  are  commensurable. 

But  it  may  happen  that  we  may  be  able  to  find  a  standard 
line  EF,  such  that  it  is  contained  an  exact  number  of  times  in 
AB  ;  and  yet  there  is  no  number,  whole  or  fractional,  which 
will  express  the  number  of  times  EF  is  contained  in  CD. 

In  such  a  case,  where  no  unit-line  can  be  found,  such  that  it 
is  contained  an  exact  number  of  times  in  each  of  two  lines 
AB,  CD,  these  two  lines  are  called  incommensurable. 

In  the  processes  of  Geometry  we  constantly  meet  with 
incommensurable  magnitudes.  Thus  the  side  and  diagonal  of 
a  squai'e  are  incommensurables  ;  and  so  are  the  diameter  and 
circumference  of  a  circle. 
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Next,  suppose  two  lines  AH,  AC  to  be  at  right  angles  to 
each  other  and  to  be  commensurable,  so  that  A  />'  contains  four 
times  b  certain  unit  of  linear  measurement,  which  is  contained 

by  AC  throe  times. 

A 


a 

:> 

c 

Divide  AB,  AC  into  four  and  three  equal  parts  respectively. 
and  draw  lines  through  the  points  of  division  parallel  to  AC} 
AB  respectively  ;  then  the  rectangle  .1  CDB  is  divided  into  a 
number  of  equal  Bquares,  each  constructed  on  a  line  equal  to 
the  unit,  of  linear  measurement. 

If  one  of  these  squares  lie  taken  as  the  unit  of  area,  the 
measure  <<i  t  be  area  of  the  rectangle  .  I <  'DB  will  be  the  number 
of  these  squares. 

Now  this  number  will  evidently  be  the  ame  as  that  obtained 
by  multiplying  the  measure  of  AH  1>\   the,  measure  of  AC; 
that  is,  the  measure  of  AB  being  4  and  the measure  of  AC'.',, 
mre        I'  'DB  i-  i  x  ::  or  l±    (Algebra,  An. 
And  generally,  if  the  measures  of  two  adjacent   sides  of  a 
rectangle,  supposed  t-  I  e  commensurable,  !"•  a  and  '-,  then  the 
measure  of  the  rectangle  will  he  <ih,     (Algebra,  Art.  39.) 
If  all  hues  were  commensurable,  then,  whatever  might  he  the 
h  of  two  adjacent  sides  of  a  rectangle,  we  might  select  the 
anil  of  length,  so  that  the  measures  of  the  two  ■   lee  Bhould  1»- 
whole  numbers  ;  and  then  we  might    apply  the  processes  "f 
;t  to  establish  many  Propositions  in  Geometry  by  simpler 
meth  ids  than  those  adopted  by  Euclid. 
Take,  for  example,  the  theorem  in  Book  n.  Prop.  iv. 
If  all  lines  were  commensurable  we  might  proceed  thus  — 
!.•  i  the  measure  of  AC  1"'  .'•, 

of  CB  ...  !'. 

Tien  tie  i   .1  /.'  is  x-^-y. 

Now  '.'.7, 

which  proves  'he  theorem. 
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But.  inasmuch  as  all  linos  aie  not  commensurable,  we  have 
in  Geometry  to  treat  of  magnitudes  and  not  of  measures: 
that  is,  when  we  use  the  symbol  A  to  represent  a  line  (as 
in  1.  22),  A  stands  for  the  line  itself  and  not,  as  in  Algebra, 
for  the  number  of  units  of  length  contained  by  the  line. 

The  method,  adopted  by  Euclid  in  Book  II.  to  explain  the 
relations  between  the  rectangles  contained  by  certain  lines,  is 
more  exact  than  any  method  founded  upon  Algebraical  prin- 
ciples can  be  ;  because  his  method  applies  not  merely  to  the 
case  in  which  the  sides  of  a  rectangle  are  commensurable,  but 
also  to  the  case  in  which  they  are  incommensurable. 

The  student  is  now  in  a  position  to  understand  the  practical 
application  of  the  theory  of  Equivalence  of  Areas,  of  which 
the  foundation  is  the  35th  Proposition  of  Book  I.  We  shall 
give  a  few  examples  of  the  use  made  of  this  theory  in  Men- 
suration. 


Area  of  a  Parallelogram. 

The  area  of  a  parallelogram  ABCD  is  equal  to  the  area 
of  the  rectangle  ABEF  on  the  same  base  AB  and  between 
tne  same  parallels  AB,  FC. 

F        D         _» e 


Now  BE  is  the  altitude  of  the   parallelogram  ABCD  if 
AB  be  taken  as  the  base. 

Hence  area  of  O  ABCD  =  rect.  AB,  BE. 

If  then  the  measure  of  the  base  be  denoted  by  b, 

and  altitude  h, 

the  measure  of  the  area  of  the  O  will  be  denoted  by  bh 
That  is,  when  the  base  and  altitude  are  commensurable, 
measure  of  area = measure  of  base  into  measure  of  altitude, 
p.  r.  ' 
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Arm  of  a  Triangle. 

If  from  one  of  the  angular  points  A  of  a  triangle  A  B( ',  a 
perpendicular  AD  be  drawn  to  BC,  Fig.  1,  or  to  BC  produced, 
Fig.  2, 

Fig.  1.  Pig.  2. 


B  J)      0  -B 

and   if,  in   both   cases,  a  parallelogram  ABCE  be  completed 
of  which  AB,  BC  are  adjacent  Bides, 

area  of  a  .l/>V'=half  of  aiea  of  CJ  ABCE. 
Now  if  the  measure  of  BO  lie  b, 

and 4D...  /?-, 

measure  of  area  ofO  .!  /.'( 'E  is  A//  ; 


measure  of  area  of  a  ABC  is 


2 


.4?m  o/fl  Rhombus. 

Lei   ABCD  be  tlie  given  rhombus. 

Draw  the  diagonals  .(''and  BD,  cutting  on  i  another  in  0. 


It  18  easy  to  prove  that    . I''  and  Bl>  bisbct  each  other  at 
right  angles. 

Tlieii  if  the  measure  of  AC  be  35, 
and  ...,    /.'/'  ...  '/. 

measure  of  ar  a  of  rhombus =tw  ice  measure  of  &ACD. 


■»  twice 

I- 


•'■.'/ 
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Area  oj  a  Trap  :;um. 

Let  ABCD  be  the  given  trapezium,  having  the  Bides  A B, 
CD  parallel. 

Draw  AE  at  right  angles  to  CD. 


Produce  DC  to  F,  making  CF=AB. 

Join  AF,  cutting  BC  in  0. 

Then  in  As  AOB,  COF, 

:■  lBA0=  l  CFO.  and  l  A0B=  l  FOC,  and  AB= CF ; 

.-.  lC0F=aA0B.  1.26. 

Hence  trapezium  ABCD  =  &ADF. 

Now  suppose  the  measures  of  AB,  CD,  A  IS  to  be  m.  n,  p 
respectively  . 

.'.  measure  of  DF=m  +  n,  '.'  CF=AB. 

Then  measure  oi  area  of  trapezium 

measure  of  DF  X  measure  of  AE) 

=4  (<"  +  »0  x  P- 

That  is,  the  measure  of  the  area  of  a  trapezium  is  fom  (,, 
multiplying  half  the  measure  of  the  sum  of  the  parallel  aides 
bv  the'  measure  of  the  perpendicular  distance  between  the 
parallel  sides. 
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Area  of  an  Irregular  Polygon. 

There  are  three  methods  of  finding  the  area  of  an  irregular 
polygon,  which  we  shall  here  briefly  notice. 

I.  Tin    polygon    may  be  divided    into   triangles,   and    the 
area  of  each  of  these  triangles  be  found  separately. 

r. 


Thus  the  area  of  the  irregular  polygon  ABODE  is  equal 
to  the  sum  of  the  areas  of  the  triangles  ABE,  EBD,  DBC. 

II.  Tin    polygon    may   be  co  verted   into  a   single   tria 
oj  i  qua!  <• 

It    ABODE  be  a   pentagon,   we  can    convert  it  into  an 
equivalent  quadrilateral  by  the  following  pro 


Join  l,l>  and  draw  CF  parallel  to  BD,  mooting  ED  pro- 
duced  in  /•'.  and  join  BF. 

Then  will  quadrilateral  ABFE»   pentagon  ABODE. 

For  .  BDF  .!:<'!>,  on  Bame  base  BD  and  between 
sum-  parallels. 

If,  then,  from  the  pentagon  we   remove  a  BCD,  and   add 

BDF  to  the  remainder,  we  obtain  a  quadrilateral  ABFE 
eq  livalent  to  the  pentagon  ABODE. 
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The  quadrilateral  may  then,  by  a  similar  process,  be  con- 
verted into  an  equivalent  triangle,  and  thus  a  polygon  of  any 
number  of  sides  may  be  gradually  converted  into  an  equiva- 
lent triangle. 

The  area  of  this  may  then  be  found. 

III.  The  third  method  is  chiefly  employed  in  practice  by 
Surveyors 


a  f 

Let  ABCDEFG  be  an  irregular  polygon. 

Draw  AE,  the  longest  diagonal,  ami  drop  perpendiculars 
on  AE  from  the  other  angular  points  of  the  polygon. 

The  polygon  is  thus  divided  into  figures  which  are  either 
right-angled  triangles,  rectangles,  or  trapeziums  ;  and  the  areas 
of  each  of  these  figures  may  be  readily  calculated. 
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Note  7.     On,  Projections. 


The  projection  of  a  point  B,  on  a  straight  line  of  unlimited 
length  JE,  is  the  point  M  at  the  foot  of  the  perpendicular 
dropped  from  B  on  AE. 

The  projection  of  a  straight  Km  BC,  on  a  straight  line  of 
unlimited  length  AE,  is  MN,— the  part  of  Ah  intercepted 
between  perpendiculars  drawn  from  />' and  C. 

When  two  lines,  as  All  and  J  /•,',  form  an  angle,  the  pro- 
jection of  AB  on  AE  is  AM. 


We  might  employ  the  term  projection  with  advantag 
shorten  and  make  clearer  tin-  enunciations  of  Props.  At.  and 

xiii.  ot  Book  II. 

Thus  the  enunciation  of  Prop.  jcii.  might  be  : 

"  In  oblique-angled  triangles,  the  square  on  tin'  Bide  Bub- 
tending  tin'  obtuse  angle  is  greater  than  tin-  squares  on  the 
sides  containing  that  angle,  bj  twice  the  rectangle  contained 
by  one  of  these  side.-,  and  the  projection  nl  'I  <■  other  on  it.'' 

The  enunciation  of  Prop.  xiu.  might  be  altered  in  a  similar 
manner. 
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Note  8.     On  Loci. 

Suppose  we  have  to  determine  the  position  of  a  point, 
which  is  equidistant  from  the  extremities  of  a  given  straight 
line  BC. 

There  is  an  infinite  number  of  points  satisfying  this  con 
dition,  for  the  vertex  of  any  isosceles  triangle,  described  on 
BC  as  its  base,  is  equidistant  from  B  and  U 


Let  ABC  be   one  of  the   isosceles  triangles  described  on 
B( '. 

If  BC  be   bisected    in    ]>,   MX,  a   perpendicular   to   BC 
drawn  through  D,  will  pass  through  A. 

It  is  easy  to  shew  that  any  point  in  MX,  or  MX  product  d 
in  either  direction,  is  equidistant  from  B  and  C. 

It  may  also  be   proved  that  no  point  out  of  MX  is  equi 
distant  from  B  and  C. 

The  line  MX  is  called  the  Locus  of  all  the  points,  in! 
in  number,  which  are  equidistant  from  B  and  C. 

Def.  In   plane   Geometry  Locus   is   the  name  given  to  a 
line,  straight  or  curved,  all  of  whose  points  sat i-  fy  a  ci 
geometrical  condition  (or  have  a  common   property),  to   tin 
exclusion  of  all  oilier  points. 
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Next,  suppose  we  have  to  determine  the  position  of  a  point, 
which  is  equidistant  from  three  given  points  A,  B,  G,  not  in 
tin'  same  straight  line. 

B  \        ID 


If  we  join  A  and  B,  we  know  that  all  points  equidistant 
from  A  and  B  lie  in  the  line  PD,  which  bisects  All  at  right 
angles. 

If  wo  join  B  and  (',  w<>  know  that  .ill  points  equidistant 
from    /<  < 1 1 1 •  L  C  lie  in  the  line  QE,  which  bisects  8(7 at  right 

:i!l'_rl<'S. 

Hence  0,  the  point  of  intersection  of  /'/>  and  <JB,  is  the 

only  point  equidistant  from  .1,  Band  C. 

PD  is  t lie  Locus  of  points  equidistant  from    I  and  />', 
','/; Band  <', 

and   the    Intersection    of  these   Loci   determines    the    point. 

which  is  equidistant  from  A,  B  and  0. 

E  ' 

Find  the  loci  of 
i     Points  at  a  givei  from  a  given  point. 

'  tints  at  a  given  distance  from  a  given  Btraighl  line. 
The    middle    points  of  straight    lines    drawn    from    a 
|  light  line. 

•     I'  idistant  from  the  arm-  of  an  angle, 

1  - 1  Tit  ^  equidistant  from  a  given  circle. 

i.illy   distant   from  two  straight  lines  which 
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Note  9.   On  the  Methods  employed  in  the  solution  of 
Problems. 

In  the  solution  of  Geometrical  Exercises,  certain  methods 
maybe  applied  with  success  to  partieul      classes  of  questions. 

We  propose  to  make  a  few  remarks  on  these  methods,  so  far 
as  they  are  applicable  to  the  first  two  books  of  Euclid's 
Elements. 

The  Method  of  Synthesis. 

In  the  Exercises,  attached  to  the  Propositions  in  the  pre- 
ceding pages,  the  construction  of  the  diagram,  necessary  for  the 
solution  of  each  question,  has  usually  been  fully  described,  or 
sufficiently  suggested. 

The  student  has  in  most  cases  been  required  simply  to 
apply  the  geometrical  fact,  proved  in  the  Proposition  preceding 
the  exercise,  in  order  to  arrive  at  the  conclusion  demanded  in 
the  question. 

This  way  of  proceeding  is  called  Synthesis  (o~vv6eo-is  =  com- 
position), because  in  it  we  proceed  by  a  regular  chain  of  reason- 
ing from  what  is  given  to  what  is  sought.  This  being  the 
method  employed  by  Euclid  throughout  the  Elements,  we  have 
no  need  to  exemplify  it  here. 

The  Method  of  Analysis. 

The  solution  of  many  Problems  is  rendered  more  easy  by 
supposing  the  problem  solved  and  the  diagram  constructed. 
It  is  then  often  possible  to  observe  relations  between  lines, 
angles  and  figures  in  the  diagram,  which  are  suggestive  of  the 
steps  by  which  the  necessary  construction  might  have  been 
effected. 

This  is  called  the  Method  of  Analysis  (ai>akvo-is= resolution). 
It  is  a  method  of  discovering  truth  by  reasoning  concerning 
things  unknown  or  propositions  merely  supposed,  as  if  the  one 
were  given  or  the  other  were  really  true.  The  process  can 
best  be  explained  by  the  following  examples. 

Our  first  example  of  the  Analytical  process  shall  be  the  31st 
Proposition  pf  Euclid's  First   J$Oi  k 
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Ex.  1.   To  draw  a  straight  line  through  a  given  paint  parallel 
1 i  a  given  straight  li 

Let  A  be  the  given  point,  and  BG  lie  the  given  straight  line. 

Suppose   the   problem  to   be  effected,  and  EF  to  be  tlie 
straight  line  required. 

E A ^T 


Now  we  know  that  any  straight  liv. «  AD  drawn  from  A  to 
meet  BC  makes  equal  angles  with  EF  and  BC.    (I.  i 

This  is  a  fact  from  winch  we  can  work  backward,  and  arrive 

at  the  steps  necessary  for  the  solution  of  the  pn  Mem  ;  thus  : 

fake  any  point  1>  in  BG,  join  AD,  make  l  KAD—  l  ADO, 
ami  produce  EA  to  F:  then  EF  musl  be  parallel  to  BC. 

Ex.  2.   To  inscribe  in  a  triangle  a  rhomjnis,  having  one  of  its 
angles  coincident  with  an  angle  ofth 

Let  ABG  be  the  given  triangle. 

Suppose  the  problem  to  be  effected,  and  DBFE  to  be  th* 
rhombus. 


Then  if  /•:/;  be  joined,  t  DBE     i  FBE. 
This  is  a  facl  from  which  we  can  work  backward, and  deduce 
the  necessary  construction  ;  thus: 

Big  l/»'''i'\  the  straight  line  BE,  meeting  AC  in  E 

Draw  ED  and  EF  parallel  to  /.'''and  AB  respectively. 
Thru  DBFE  is  the  rhombus  required.     (See  Ex.  4,  p.  59.) 
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Ex.  3.  To  determine  the  joint  in  a  given  straight  line,  at 
which  straight  lines,  drawn  front  two  given  points,  on  tin  same 
side  of  tin  given  line,  make  equal  angles  with  it. 

Let  CD  be  the  given  line,  and  A  and  B  the  given  points. 

Suppose  the  problem  to  be  effected,  and  P  to  be  the  point 
required. 


We  then  reason  thus  : 

If  BP  were  produced  to  some  point  A  , 

L  CPA',  being=  z  BPD,  will  be=  L  APO. 
Again,  if  PA'  be  made  equal  to  PA, 

AA'  will  be  bisected  by  CP  at  right  angles. 

Tliis  is  a  fact  from  which  we  can  work  backward,  and  find 
the  steps  necessary  for  the  solution  of  the  problem  ;  thus  : 

From  A  draw  iOi  to  CD. 

Produce  AO  to  A',  making  OA'=OA. 

Join  BA',  cutting  CD  in  P. 

Then  P  is  the  point  required. 


Note  10.     On  Symmetry. 

The  problem,  which  we  have  just  been  considering,  suggests 
the  following  remarks  : 

If  two  points,  A  and  A',  be  so  situa  ed  with  respect  to  a 
straight  line  CD,  that  CD  bisects  at  right  angles  the  straight 
line  joining  A  and  A',  then  A  and  A'  are  said  to  be  symmetrical 
with  regard  to  CD. 

The  importance  of  symmetrical  relations,  as  suggestive  of 
methods  for  the  solution  of  problems,  cannot  be  fully  shewn 
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to  a  learner,  who  is  unacquainted  with  the  properties  of  the 
circle.  The  following  example,  however,  will  illustrate  this 
part  of  the  subject  sufficiently  for  our  purpose  at  present. 

Find  a  point  in  a  given  straight  line,  such  that  the  sum  of  its 
distances  from  two  fixed  points  on  the  same  side  of  the  line  is  a 
minimum,  that  is,  less  than  the  sum  of  the  distances  of  any  other 
point  in  the  line  from  the  fixed  points. 

Taking  the  diagram  of  the  last  example,  suppose  CD  to  be 
the  given  line,  and  A,  B  the  given  points. 

Now  if  A  and  A'  be  symmetrical  with  respect  to  CD,  we 
know  that  every  point  in  CD  is  equally  distant  fiom  A  and  A'. 
(See  Note  8,  p.  103.) 

Hence  the  sum  of  the  distances  of  any  point  in  CD  from  A 
and  B  is  equal  to  the  sum  of  the  distances  of  that  point  from 
A'  and  B. 

But  the  sum  of  the  distances  of  a  point  in  CD  from  A'  and 
B  is  the  least  possible  when  it  lies  in  the  straight  line  joining 
A'tm&B. 

Hence  the  point  P,  determined  as  in  the  last  example,  is  the 
point  required. 

Note.  Propositions  ix.,  x.,  xi.,  xn.  of  Book  I.  give  good 
examples  of  symmetrical  constructions. 


Note  11.     Euclid's  Proof  of  1.  5. 

The,  angles  at  the  base  of  an  isosceles  triangle  are  equal  to  one 
another  ;  oml  if  the  equal  sides  be  produced,  the  angles  upon  the 
other  side  of  the  base  shall  be  equal. 

Let  ABC  be  an  isosceles  a  ,  having  AB=  4C 

Produce  AB,  AC  to  D  and  E. 

Then  must  l  ABC=  i  ACB, 

and  i  DBC=  l  ECB. 
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In  BD  take  any  pt.  F. 

From  AE  cut  off  AG=AF, 
Join  FC  and  GB. 


Then  in  As  AFC,  AGB,  , 

V  FA  =  GA,  and  AC=AB,  and  z  FAC=  l  GAB, 

\  FC=GB,  and  z  ^C=  z  AGB,  and  z  J  CF=  z  ABG. 


Again,  v  J.F=^(?, 

of  which  the  parts  AB,  AC  are  equal, 
.'.  remainder  BF= remainder  CG. 

Then  in  as  BFC,  CGB, 
y  BF=CG,  and  FC=GB,  and  z  £^0=  z  CGB, 
.-.  z  .FBC=  z  (?C5,  and  z  £Ci^=  z  CBG, 

Now  it  has  been  proved  that  z  ACF=  z  ABG, 
of  which  the  parts  z  .BCF  and  z  C'£(r  are  equal ; 

.*.  remaining  z  A  CB= remaining  z  ABC. 

Also  it  has  been  proved  that  z  -F£C=  z  GCB, 
that  is,  z  jD.BC=  z  BOB. 


I.  4. 


Ax.  3. 


1.4. 


Ax.  3. 


Q.  E.  D. 
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Note  12.     Euclid's  Proof  of  I.  6. 
If  two   angles   of  a  triangle  be  equal  to  one  another,  the 
sides  also,  which  subtend   the  equal   angles,  shall   be  equal  to 
one  anotlier. 


u 

In  *ABC\et  L  ACB=  i  ABC. 
Then  must  AB  =  AC. 
For  if  not,  AB  is  either  greater  or  less  than  AG. 
Suppose  A B  to  be  greater  than  AC. 
From  AB  cut  off  BD  =  AC,  and  join  DC. 
Then  in  as  I>H<\  ACB,  ' 

■:  1)B  =  AC,  and  BC  ifl  common,  and  i  DBC=  L  ACB, 

.'.  bDBC-  A  ACB;  I.    I 

that  is,  the  less  =  the  greater  ;  which  is  abfeard, 
.*.  AB  is  not  greater  than  AO. 
Similarly  it  may  be  shewn  that  AB  is  not  less  than  A  C ; 
.-.  AB  =  AC. 

Q.  E.  D. 

Note  13.      Hurl  id's  Proof  of  I.  7. 

Upon    the   smite   base   and   on    the   tame    side    of    it,    there 

■  '   be   two  triangle*  that  have  (heir  tides  which  are  ter- 

Ued   in   one   extremity  of  the  base  equal   to  one  another, 

and    tl"ir   tides    which   are  terminated  in  the  other  extremity 

of  the  base  equal 

If  it  be  possible,  on  the  same  base  AB,  and  on  the  same 
side  of  it,  lit  there  be  two  as  ACB,  ABB,  such  that  AC=AD, 
an.!  also  BC-  /-'/'. 
Join  CD. 
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First,  when  the   vertex  of  each   of  the  as  is  outside  the 
other  A  (Fig.  1.)  ; 

FlG  1.    .  Fig.  2. 


C T> 


A 

V  AD=AC, 
.-.  z  ^CZ)=  z  ADC.  I.  5. 

But  z  ^LCD  is  greater  than  z  BCD  ; 

. .  l  A  DC  is  greater  than  z  BCD  ; 
much  more  is  L  BDC  greater  than  l  BCD. 
Again,  v  BC=BD, 

.:  l  BDC=  z  BCD, 
that  is,  z  BDC  is  both  equal  to  and  greater  than  z  BCD ; 
.vhich  is  absurd. 

Secondly,  when  the  vertex  D  of  one  of  the  as  falls  within 
the  other  A  (Fig. 

Produce  AC  and  AD  to  E  and  F 
Then  v  AC=  AD. 

.-.  z  ECD  =  z  i^DC.  I.  5. 

But  z  £CD  is  g!  eater  than  z  JB(  !D  ; 

.-.  z  FD&  i>  greater  than  z  JSC'Z>  ; 
much  more  is  z  _BZ>C  greater  than  z  .BCD. 
Again.  :  BC=BD, 

.'.  l  BD('=  1  BCD  ; 
that   is,  l  BDC  is    both  equal  to  and   greater  than   cBCD\ 
which  is  absurd. 

Lastly,  when  the  vertex  D  of  one  of  the  l  s  falls  on  a 
Mde  ]><'  of  the  other,  it  is  plain  that  BC  and  iiX»  cannot 
be  equal  q.  e.  D. 
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Note  14.     Euclid! $  Proof  of  I,  8. 

If  tirn    triangles   have  two    tides   of  the   one  equal  to  two 
tides  of  the  other,  each  to  each,  and  hare  likewise  I 
equal,  the  angle    which   is  contained  by   the  two  titles  of  the 
must  be  equal  to  the  angle  contained  by  the  two  sides  of 
tfu  other. 


Let  the  sides  of  the  as  ABC,  DEF  be  equal,  each  to  each, 
that  is,  AB=DE,  AC =DF  and  BC=EF. 

Then  mud  l  BAC=  i  EDF. 


Apply  the  a  A  B( '  to  the  a  DEF. 

so  that  pt.  B  is  on  pt  E,  and  BC  on  EF. 
Then  V  BC=EF, 

.*.  C  «  ill  coincide  with  / . 
and  BC  will  coincide  with  EF. 

Then  42?  and  4(7  must  coincide  with  DE  and  DF. 

For  if  AB  and  AO  have  a  different  position,  as  QE,  CF, 
then  upon  the  ie  and  uj.hu  the  Bame  aide  of  it  there 

can  be  two  L  b,  which  have  their  Bides  which  are  terminated  in 
one  extremity  "f  the  base  equal,  and  their  aides  which  an 

initiated  i'i  the  Other  extremity  of  the  base  also  equal  :    which 
Lb  impossible.  I.  7. 

.•.  since  l>a~.-  BC  coincides  with  base  EF, 

.1  /.'  must  coincide  with  DE,  and  A( '  with  T>F ; 
.•.  l  B AC co\ml'\>  s  with  and  is  equal  to  i  EDF. 

q.  k.  D. 


Book    I.  &  II.]    AXOTHER  PROOF  OF  T.   24. 


"3 


Note  15.  Another  Proof  of  I.  24. 

In  the  as  ABC,  DEF,  let   AH=DE  and  AC=DF, and 

let  z  !)'.-!('  lie  greater  than  _  A7'i\ 
17  •/(  //(Ko><  i>'C'  be  tj>  "Jcr  than  EF. 


A 


\ 


Apply  the  A  DEF  to  the  A  ^4J5<7 
so  that  JJE  coincides  with  AB. 
'fhen  v  z  i'Dl'  is  less  than  1  BAG, 
DF  will  fall  between  iU  and  AC, 
■   id  jP  will  fall  on,  or  above,  or  below,  BC. 
I.  If  F  fall  on  BC, 
JSjF  is  less  than  BC ; 
.-.  EF  is  less  than  BC. 

II.  If  F  fall  above  BC, 

BF,  FA  together  are  less  than 

BC,  (    1. 
and  FA  =  CA; 

.:  BF  is  less  than  BC; 

;.  EF  is  less  than  BC. 


III.  If  F  ML  below  BC. 

let  A  F  cut  BC  in  0. 


Then  BO,  OF  together  are  greater  than  BF,  I.  20. 

and  Of.  AO I'':  L  2a 

.-.  BC,  AF BF,  AC  together, 

and  AF=AC, 
:  BC  than  BF  ■ 

and  .'.  EF  is  less  than  BC.  Q.  B.  D. 
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Note  16.   EucUcPs  Proof  of  I.  26< 

If  two  triangles  have  two  angles  of  the  one  equal  to  two  angles 
of  the  other,  each  to  each,  and  om  side  equa  to  one  side, 
via.,  either  the  sides  adjacent  to  the  equal  angles,  or 
opposite  to  equal  angles  in  each  ;  then  shall  the  other  sides  be 
equal,  inch  to  each  :  and  also  the  third  angle  of  the  o  to  the 
tiii rd  anyle  of  the  other. 


C  M 

In  AsABC,I>i:h\ 
Let  l  ABC  =  l  1>EF,  and  l  ACB  =  i  DFE; 

B m\  Jir.-t, 

Let    the  Bides  adjacent  to  the  equal  .  s  in  each  be  equal, 

that  is,  Lei  BC     EF 
Then  must  AB=DEt*nd    l<      DP, ami  lBAC—l  EDF. 

b'or  if  A  B  be  not  =  DE,  one  of  th<  m  mnsl  be  the  greater. 
I        i  i:  be  the  greater,  and  make  GB=DE,  and  juiu  ffC 

Then  in        QBC,  /'/-'/' 
V  05=  D#,  and  in '■■---  EF,  and  z  GLBC         /•■/:/■', 

.-.  iGCB  =  u  DFE.  1.4. 

But  .  .1'/.'        DFE  by  hypothesis; 

.-.  lGCB=  l  ACB; 
thai  Is,  the  l<  ter,  which  i>  impossible. 

I  /.'  i    not  greater  than  /'/.'. 

Tn  the  same  way  it  may  1»'  Bhewn  that  AB  is  not  le  b  tlian 

LB     /</: 
Then  in  :  -    [BC,  VEF, 

■■    i/:     DE,  and  BC     /.T.  l/-1''     .:  />/'/•', 

.-.  .!'•    /'/',  and  t  BAC=     /:/'/  r.  t 
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Next,  let  t  lie  sides  which  are  opposite  to  equal  angles  in  e.tt'j 
t  i  ingle  be  equal,  viz.,  AB=1>E. 

must  AC=DF,  and  BO=JEF,  and  l  BAG  =  L  EDF. 


For  if  BC  be  not  =  EF,  let  BC  be  the  greater,  and  make 
BH=FF,  and  join  AH. 

Then  in  asABH,DEF, 

V  AB=DE,  and  BH=EF,  and  _  .l/,7i=  L  DEF, 

.:  l  AHB=  l  DFE.  I.  4. 

But  iACB  =  iDFE,h\  hypothesis, 

.-.  l  AHB  =  j.  ACB  ; 
that  is,  the  exterior  z  of  A  AUG  is  equal  to  the  interior  and 
opposite  L  ACB,  which  is  impossible. 

.'.  BC  is  not  greater  than  /.'/•'. 
In  the  same  way  it  may  be  shewn  that    /:•  '  is  not  less  than 

EF; 

.'.  BC=EF. 

Then  in  as  aBC,P1:.'~, 

V  AB=0E,  and  B(  '■=  EF,  and  l  A  HC=  L  DEF. 

.:  AC--=DF,  and  i  BAC=  l  EDF.  I.  4 


Q.  E.  D. 
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Miscellaneous  Exercises  on  Bonis  I.  and  II. 

1.  AT>  and  CD  are  equal  straight  lines,  bisecting  one  another 
at  right  .tuples.     Shew  that  ACBD  is  a  square. 

2.  From  a  point  in  the  side  of  a  parallelogram  draw  a  line 
dividing  the  parallelogram  into  two  equal  parte. 

3.  In  the  triangle  FDC,  if  FCD  be  a  right  angle,  and  angle 
FDC  be  double  of  angle  VFD,  shew  that  FD  is  double 
of  DC. 

4.  If  A  !'><'  be  an  equilateral  triangle,  and  AD,  BE  be  per- 
pendiculars to  the  opposite  sides  info  reeding  in  F ;  Bhew  that 
the  square  on  A  B  is  equal  to  three  times  the  square  on  A  /•'. 

5.  Describe  a  rhombus,  which  shall  be  equa.  to  a  given 
triangle,  and  have  each  of  its  sides  equal  to  one  side  of  the 
triangle. 

6.  From  a  given  point,  outside  a  given  straight  line,  draw 
a  line  making  with  the  given  line  an  angle  equal  to  a  given 
rectilineal  angle. 

7.  If  two  straight  lines  be  drawn  from  two  given  points  to 
ni  a  given  straight  line,  shew  thai  the  sum  of  these  lines 

is  the  least  possible,  when  they  make  equal  angles  with  the 
given  line. 

8.  A  BCD  is -d  parallelogram,  whose  diagonals  AC,  BD  in* 
t  in  0  ;  shew  that  if  the  parallelograms  AOBP,  DOCQ 

l>e  completed,  the  straight  line  joining  F  and  Q  passes  through 

0. 

9.  A  BCD,  EBCF  are  two  parallelograms  on  the  same  base 
/;'',  and  bo  situated  that  CF  pisses  through  A.  Join  DF, 
and  produce  it  bo  meet  BE  produced  in  A';  join  FB,  and 
prove  thai  the  triangle  FAB  equals  the  triangle  FFK. 

10.  The  alternate  rides  of  a  polygon  are  produced  to  meet; 
shew  that  all  the  angles  at  their  points  of  intersection  together 
with  four  right  angles  are  equal  to  all  the  interior  angles  of 
the  polygon. 

11.  Shew  that  tne  perimeter  of  a  rectangle  ia  always  greater 
than  that  of  the  square  equal  to  the  rectangle. 
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12.  Shew  that  the  opposite  sides  of  an  equiangular  hexagon 
are  parallel,  though  they  be  not  equal. 

13.  If  two  equal  straight  lines  intersect  each  other  anywhere 
at  right  angles,  shew  that  the  area  of  the  quadrilateral  formed 
by  joining  their  extremities  is  invariable,  and  equal  to  one-tall 
the  square  on  either  line. 

14.  Two  triangles  ACB,  ADB  are  constructed  on  the  same 
side  of  the  same  base  AB.  Shew  that  if  AC=I:I>  and 
AD=B<\  then  CD  is  parallel  to  AB  ;  but  if  AC=BC  and 
AD=BD,  then  CD  is  perpendicular  to  AB. 

15.  AB  is  the  hypotenuse  of  a  right-angled  triangle  ABC : 
find  a  point  D  in  AB,  such  that  DB  may  be  equal  to  the  per- 
pendicular from  D  on  AC. 

16.  Find  the  locus  of  the  vertices  of  triangles  of  equal  ana 
on  the  same  base,  and  on  the  same  side  of  it. 

17.  Shew  that  the.  perimeter  of  an  isosceles  triangle  is  less 
than  that  of  any  triangle  of  equal  area  on  the  same  base. 

18.  If  each  of  the  equal  angles  of  an  isosceles  triangle  be 
equal  to  one-fourth  the  vertical  angle,  and  from  one  of  them  a 
perpendicular  be  drawn  to  the  base,  meeting  the  opposite  side 
produced,  then  will  the  part  produced,  the  perpendicular,  and 
the  remaining  side,  form  an  equilateral  triangle. 

19.  If  a  straight  line  terminated  by  the  sides  of  a  triangle 
be  bisected,  shew  that  no  other  line  terminated  by  the  same 

les  can  be  bisected  in  the  same  point. 

20.  Shew  how  to  bisect  a  given  quadrilateral  by  a  straight 
line  drawn  from  one  of  it 

21.  Given  the  lengths  of  the  two  diagonals  of  a  rhombus,  con- 
struct it. 

22.  ABCD  is  a  quadrilateral  figure  :  construct  a  triangle 
whose  base  shall  be  in  the  line  AB,  such  that  its  altitude  shall 
be  equal  to  a  given  line,  and  its  ana  equal  to  that  of  the 
quadrilateral 

23.  If  from  any  point  in  the  base  of  an  isosceles  triangle 
perpendiculars  be  drawn  to  the  Bides,  their  sum  will  be  equal 
to  the  perpendicular  from  either  extremity  of  the  base  upon 
the  opposite  side. 
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24.  If  ABC  be  a  triangle,  in  which  C  is  a  right  angle,  and 
DE  be  drawn  from  a  point  D  iu  AC  at  right  angles  to  AB, 
prove  that  the  rectangles  AB,  AB  and  AC,  AD  are  equal 

25.  A  line  is  drawn  bisecting  parallelogram  ABCD,  and 
meeting  AD,  BC  in  E  and  .F :  shew  that  the  triangles  EBF, 
CED  are  equal. 

26.  Upon  the  hypotenuse  BC  and  the  sides  CA,  AB  of  a 
right-angled  triangle  ABC,  squares  BDEC,  AF  and  J  G  are 
described  :  shew  that  the  squares  on  DG  and  EF  are  together 
equal  to  five  times  the  square  on  BC. 

27.  If  from  the  vertical  angle  of  a  triangle  three  straight 
lines  be  drawn,  one  bisecting  the  angle,  the  second  bisecting 
the  base,  and  the  third  perpendicular  to  the  base,  shew  that 
the  first  lies,  both  in  position  and  magnitude,  between  the 
other  two. 

28.  If  ABC  be  a  triangle,  whose  angle  A  is  a  right  angle, 
and  BE,  CF  be  drawn  bisecting  the  opposite  sides  respectively, 
shew  that  four  times  the  sum  of  the  squares  on  BE  and  CF  is 
equal  to  five  times  the  square  on  BC. 

29.  Let  ACB,  ADB  be  two  right-angled  triangles  having 
a  common  hypotenuse  AB.  Join  CD  and  on  CD  produced 
both  ways  draw  perpendiculars  AE,  BF.  Shew  that  the  sum 
of  the  squares  on  CE  and  CF  is  equal  to  the  sum  of  the  squares 
on  DE  and  DF. 

30.  In  the  base  AC  of  a  triangle  take  any  point  D:  bisect 
AD,  DC,  AB,  BC  at  the  points  E,  F,  G,  H  respectively. 
Shew  that  EG  is  equal  and  parallel  to  FH. 

31.  If  AD  be  draw  n  from  the  vertex  of  an  isosceles  triangle 
ABC  to  a  point  D  in  the  base,  shew  that  the  rectangle  /.'/',  !>< ' 
is  equal  to  the  difference  between  the  squares  on  AB  and  AD. 

32.  If  in  the  sides  of  a  squars  four  points  be  taken  at  equal 
distances  from  the  four  angular  points  taken  in  order,  the 
figure  contained  by  the  straight  hues,  which  join  them,  shall 
also  be  a  square. 

:;:>.  If  the  aides  of  an  equilateral  and  equiangular  pentagon 
he  produced  to  meet,  Bhew  thai  the  sum  of  the  angles  at  the 
points  of  meeting  is  equal  to  two  righl  an 
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34.  Describe  a  square  that  shall  be  equal  to  the  difference 
between  two  given  and  unequal  squares. 

35.  ABCD,  AECF  are  two  parallel ©grams,  E A,  AD  being 
in  a  straight  line.  Let  FG,  drawn  parallel  to  AC,  meet  BA 
produced  in  G.  Then  the  triangle  ABE  equals  the  triangle 
AUG. 

36.  From  AG,  the  diagonal  of  a  square  ABCD,  cut  off  AE 
equal  to  one-fourth  of  AC,  and  join  BE,  DE.  Shew  that  the 
figure  BADE  is  equal  to  twice  the  square  on  AE. 

37.  If  ABC  be  a  triangle,  with  the  angles  at  B  and  C  each 
double  of  the  angle  at  A,  prove  that  the  square  on  AB  is 
equal  to  the  square  on  BC  together  with  the  rectangle  AB, 
1>C. 

38.  If  two  sides  of  a  quadrilateral  be  parallel,  the  triangle 
contained  by  either  of  the  other  sides  and  the  two  straight 
lines  drawn  from  its  extremities  to  the  middle  point  of  the 
opposite  side  is  half  the  quadrilateral. 

39.  Describe  a  parallelogram  equal  to  and  equiangular  with 
a  given  parallelogram,  and  having  a  given  altitude. 

40.  If  the  sides  of  a  triangle  taken  in  order  be  produced  to 
twice  tneir  original  lengths,  and  the  outer  extremities  be 
joined,  the  triangle  so  formed  wijl  oe  seven  times  the  original 

triangle. 

41.  If  one  of  the  acute  angles  of  a  right-angled  isosceles 
triangle  be  bisected,  the  opposite  side  will  be  divided  by  the 
bisecting  line  into  two  pans,  such  that  the  square  on  one  will 
be  double  of  the  square  on  the  other. 

42.  ABC  is  a  triangle,  right-angled  at  B,  and  BD  is  drawn 
perpendicular  to  the  base,  and  is  produced  to  E  until  ECB  is 
a  right  angle  ;  prove  that  the  square  on  BC  is  equal  to  the  sum 
of  the  rectangles  AD,  DC  and  BD,  DE. 

43.  Shew  that  the  sum  of  the  squares  on  two  unequal  lines  is 
greater  than  twice  the  rectangle  contained  by  the  lines. 

44.  From  a  given  isosceles  triangle  cut  off  a  trapezium, 
having  the  base  of  the  triangle  for  one  of  its  parallel  sides, 
and  having  the  other  three  sides  equal. 
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4.'5.  If  any  number  of  parallelograms  be  constructed  having 
their  sides  of  given  length,  shew  that  the  sum  of  the  squares 
on  the  diagonals  of  each  will  be  the  same. 

46.  ABCD  is  a  right-angled  parallelogram,  and  AB  is  doub'e 
of  BC ;  on  AB  an  equilateral   triangle  is  constructed  : 

that  its  area  will  be  less  than  that  of  the  parallelogram. 

47.  A  point  0  is  taken  within  a  triangle  A  B( ',  such  that  the 
angles  BOC,  CO  A,  AOB  are  equal  ;  prove  that  the 

BC,  CA,  AB  are  together  equal  to  the  rectangles  contained  by 
OB,  OC;  OC,  OA  ;  OA,  OB;  and  twice  the  sum  of  the 
squares  on  OA,  OB,  OC. 

48.  If  the  skies  of  an  equilateral  and  equiangular  hexagon 
be  produced  to  meet,  the  angles  formed  by  these  lines  are 
together  equal  to  four  right  angles. 

40.  ABC  is  a  triangle  right  angled  at  .1  ;  in  'ho  hypote- 
nuse two  points  J),  E  are  taken  such  that  BD  /'.I  and 
CE=CA  ;  shew  that  the  square  on  DE  is  equal  to  twice  tie 
rectangle  contained  by  BE,  CD. 

50.  Given  one  side  of  a  rectangle  which  is  equal  in  area  to  i 
given  square,  find  tV>>   i 

51.  AB,  AC  are  the  two  eq'  al  sides  of  an  isosceles  triangh  ; 
from  B,  BD  is  drawn  perpendicular  to  AC,  meeting  it  in  D; 

quare  on  /-'//  is  greater  n  in  the  square  on  CD 
by  twice  the  rectangle  AD,  CD. 
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Postulate. 

A  point  is  within,  or  without,  a  cin;le,  according  as  its 
distance  from  the  centre  ia  less,  or  greater  than,  tue  radius  of 
the  circle. 

Def.  I.  A  straight  line,  as  PQ,  drawn  so  as  to  cut  a  circle 
ABCD,  is  called  a  Secant. 


That  such  a  line  can  only  meet  the  circumference  in  two 
points  may  be  shewn  thus : 

Some  point  within  the  circle  is  the  centre  ;  let  this  be  0. 
Join  OA.  Then  (Ex.  1,  i.  10)  we  can  draw  one,  and  only  one, 
straight  line  from  0,  to  meet  the  straight  line.  F<},  such  that 
it  shall  be  equal  to  OA.  Let  this  line  be  00.  xVien  A  and 
C  are  the  only  points  in  PQ,  which  are  on  tLo  circumLxence 
of  the  circle. 

B.  E.  n. 
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Def.  U.  The  portion  AG  of  the  secant  J'Q,  intercepted  l>y 
the  circle,  is  called  a  Chord. 

Dkf.  III.  The  two   portions,   into  winch    a   chord    divides 
the  circumference,  as  ABC  and  AI)C,  are  called  Arcs. 


Def.  IV.  The  two  6gures  into  wh!ch  a  chord  divides  the  circle. 
as  ABC  and  ADC,  that  is,  flie  figures,  of  which  the  boun- 
daries are  respectively  the  arc  ABC  and  the  chord  AC,  and 
the  arc  ADC  and  the  chord  AC,  are  called  Segments  of  tie- 
circle. 

Def.  V.  The  figure  A.OCD,  whose  boundaries  are  two  radii 
and  the  an:  intercepted  by  them,  is  called     sector. 

Def.  VI.  A  circle  is  said  to  1  </  about  a  rectilineal 

figure,  when   the  circumference   passes  through  each  of  Die 
angular  points  of  the  figure. 


And  the  figure  is  said  to  be  inscribed  in  the  circle. 


Book  III] 


FFOFOSI7VOX  I. 


'23 


Proposition  I.     Theorem. 

The  line,  which   bisects  a  chord  of  a  circle  at  right  angles, 
must  contain  the  cen. 


Let  ABC  he  the  given  ©. 
Let  the  st.  line  CE  bisect  the  chord  AB  at  rt.  angles  in  D. 

Then  the  centre  of  the  G  must  lie  in  CE. 

For  if  not,  let  0,  a  pt.  out  of  CE,  be  the  centre  ; 
and  join  OA,  OD,  OB. 

Then,  in  as  ODA,  ODB, 
V  AD  =  BD,  and  DO  is  common,  and  OA  =  OB; 

.:  l  ODA  =  /  ODB ;  I.  c. 

and  .-.  l  ODB  is  a  right  i .  I.  Def.  9 

But  L  CDB  is  a  right  i  ,  by  construction  ; 
.*.  L  ODB  =  z  CM>,  which  is  impossible  ; 
.'.  0  is  not  the  centre. 
Thus  it  may  be  shewn  that  no  point,  out  of  CE,  c;m  be  the 
centre,  and  .\  the  centre  must  lie  in  CE. 

Cor.  //  the  chord  CE  be  bisected  in  F}  then  F  is  th.e  centre 
Of  the  circle, 


124  UCL  fD'S  ELEMENTS.  [Book  III. 


Proposition  II.     Theorem. 

Jf  any  two  joints  In  taken  in  (he  circumference  of  a  n,< I r. 
tin  straight  line,  which  joins  them,  must  fall  within  the 
circle. 


Let  A  and  B  be  any  two  pts.  in  the  Oce  of  the  ®  ABC. 

Then  must  the  st.  line  AB  fall  within  the  Q. 

Take  any  pt.  D  in  the  line  AB. 

Find  0  the  centre  of  the  ©.  111.  1,  Cor. 

Join  OA,  OD,  OB. 
Then  v  l  OAB  =  L  01'  !  I.  A. 

and  z  OD B  is  greater  than  l  OAB,  I.  16. 

/.  l  ODB  is  greater  than  t  OBA  ; 
and  .'.  OB  is  greater  than  <>i>  I.  19. 

.'.  the  distiince  of  D  from  0  is  less  than  the  radius  of  the  ©, 
and  .'.  f)  lies  within  the  ©.  Post. 

.And  the  sanu-  may  be  shewn  of  any  other  pt.  in  AB. 
.'.  AB  lies  entirely  within  the  ©. 

Q.  E.  D. 
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Proposition  III.     Theorem. 

If  a  straight  line,  drawn  through  the  centre  of  a  circle,  bisect 
a  chord  of  the  circle,  which  does  not  pass  through  the  centre,  it 
must  cut  it  at  right  angles  :  and  conversely,  if  it  cut  it  at  right 
angles,  it  must  bisect  it. 


In  the  ©   ABC,  let  the  chord  AB,  which  does  not  pass 
through  the  centre  0,  be  bisected  in  E  by  the  diameter  CD. 
Tlien  must  CD  be  x  to  AB. 

Join  OA,  OB. 
Then  in  a  s  AEO,  BEO, 
V  AE=BE,  and  EG  is  common,  and  OA  =  OB, 

.:  t  OEA=  l  OEB.  I.e. 

Hence  OE  is  ±  to  AB,  I.  Def.  9. 

that  is,  CD  is  ±  to  AB. 

Next  let  CD  be  _L  to  AB. 

Then  must  CD  bisect  AB. 

For  V  OA  =  OB,  and  OE  is  common, 

in  the  right-angled  As  AEO,  BEO, 
;.  AE=BE,  I.  e.  Cor.  p.  43. 

that  is,  CD  bisects  AB.  Q.  e.  d. 

Ex.  1.  Shew  that,  if  CD  does  not  cut  AB  at  right  an 
it  cannot  bisect  it. 

Ex.  2.  A  line,  which  bisects  two  parallel  chords  in  a  circle, 
is  also  perpendicular  to  them. 

Ex.  3.  Through  a  given  point  within  a  circle,  which  is  not 
the  centre,  draw  a  chord  which  shall  be  bisected  in  that  point. 
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Proposition  IV.    Theorem. 


If  in  a  cinli  two  chords,  which  do  not  both   pcus  through  the 

centre,  cut  one  another,  they  du  not  biaect  each  otln  r. 


Let  the  chords  AB,  CD,  which  do  not  both  pass  through  the 
centre,  cut  one  another,  in  the  pt.  E,  in  she  ©  ACBD 

Then  AH,  CD  do  not  histrl  nidi  ntlnr. 

If  one  of  them  pass  through  the  centre,  it   lb  plainly  n.>r 
bisected  by  the  other,  winch  does  nol  pass  through  the  centre. 
But  if  neither  pass  through  the  centre,  let,  if  it  be  possible^ 
AE=EB  and  CE**ED\  find  the  centre  0,  and  join  OE. 
Then  y  OE,  passing  through  the  centre,  bisects  AB, 

•  "•  -  OEA  is  art.  z.  [II.  3, 

And  y  OE,  passing  through  the  centre,  bisi  its  CD, 

.:  i  Oi:<'i>  a  n.  l  ;  III.  3 

.*.  l  OEA  =  t  OEC,  which  is  impossibls  ; 
.•.  AB,  CD  do  doI  bisect  each  other.  q.  i..  i 

Ex.  l    Shew  thai  the  locus  of  the  points  of  bisection 
parallel  chords  of  a  circle  is  a  Btraighl  line. 

Ex.  2.  Shew  thai  no  parallelogram,  exa  which  are 

gular,  can  be  inscribed  in  a  circle, 
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Proposition  V.     Theorem. 

If  two  circles  cut  one  another,  (hey  cannot  have  the  same  centre. 


I.  Del.  13. 
I.  Def.  13. 


If  it  be  possible,  let  0  be  the  common  centre  of  the   ©s 
aBC,  ADC,  which  cut  one  another  in  the  pts.  A  and  C 
Join  OA,  and  draw  OEF  meeting  the  ©s  in  E  and  F. 
Then  v  0  is  the  centre  of  ©  ABC, 
.:  OE=OA  ; 
and  v  0  is  the  centre  of  0  ADC, 
:.  OF=OA; 
.'.  OE=  OF,  which  is  impossible  ; 
.*.  0  is  not  the  common  centre. 

Q.  e.  u 
Ex.    If  two  circles  cut  one  another,  shew  that  a  line  d  awn 
through  a  point  ot  intersection,  terminated  by  the  circumfer- 
ences, and  parallel  to  the  line  joining  the  centres,  is  double  of 
the  line  joining  the  centres. 

Note.  Circles   which  have  the  same  centre  are  called  Con~ 
cent)  it. 
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Note  1.   On  the  Contact  of  Circles. 
Def.  VII.  Circles  are  said  to  touch  each  other,  which  meet 
but  do  not  cut  each  other. 

One  circle  is  said  to  touch  another  internally,  when  one 
point  of  the  circumference  of  the  former  lies  on,  and  no  point 
without,  the  circumference  of  the  other. 

Hence  for  internal  contact  one  circle  must  be  smaller  than 
the  other. 

Two  circles  air  Baid  to  touch  externally,  when  one  point  of 
the  circumference  of  the  one  lies  on,  and  no  point  vAthin  the 
circumference  of  the  other. 

N.B.  No  restriction  is  placed  by  these  defii  tions  on  the 
number  of  points  of  contact,  ind  it  is  not  till  we  reach  Prop. 
xin.  that  we  prove  that  there  can  be  but  one  point  oj  contact. 
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Proposition  VI.     Theorem. 

If  one  circle  touch  another  internally,  Qtey  cannot  have  tin- 
same  centre. 


Let  0  ADE  touch  0  ABC  internally, 

and  let  A  be  a  point  of  contact. 
Then  some  point  E  in  the  Oce  ADE  lies  within  0  ABC. 

Def.  7 
If  it  be  possible,  let  0  be  the  common  centre  of  the  two  ©&. 
Join  OA,  and  draw  QEC,  meeting  the  Oces  in  E  and  C. 
li    11  v  0  is  the  the  centre  of  ©  ABC, 

.:  OA=-OC;  I.  Def.  13. 

and  '.•  O  is  the  centre  of  ©  ADE, 

.:  OA  =  OE.  I.  Def.  13. 

Hence  OE=OC,  which  is  impossible  , 

.'.  O  is  not  the  common  centre  of  the  two    •  a 

o.  E.  D. 
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Proposition  VII.    Theorem. 

If  from  any  point  within  a  circle,  which  is  not  the.  c 
',<  lines  I"  dravm  to  the  circnm/en  ice,  tht 
lines  is  that  which  "passes  through  tit,-  <■ 


Let  ABC  be  a  ©,  of  which  0  is  the  centre. 
From  ./'.  any  pi.  within  the    •  .  draw  the  st.  line  PA,  pass- 
ing  through  0  and  meeting  the  C  ce  in  A. 

Th<  a  must  PA  be  greater  Hum  any  ml,  •>•  at.  line, 
<l mini  from  I'  to  the  Oce. 

For  let  PB  lie  any  other  st.  line,  drawn  from  /'  to  meet  the 
ce  in  /.',  and  join  BO. 

Then  v  AO     BO, 

.-.     I/'   -inn  of  BO  and  OP. 
Bnt  the  sum  "I  BO  and  OP  is  greater  than  BP,         I    SO 

and  .-.  .1  /'  is  greater  than  /.'/'.  q.  f..  d. 

Ex.  1.  If   A.P   be  produced    to  meet  the  circumference  in 
:  >,  shew  thai  /'/>  is  less  than  any  other  Btraight   line  that  can 
■  •  drawn  from  /'  t"  the  circumference. 

Ex.  -.  Shew   thai    PB  continually  decreases,  as  /-'   | 

li om  .1  to  /'. 

Ex.  3.  Shew  that  two  Btraighl  lines,  but  not  three,  that  sliall 
,1.  (.-an  be  draw  n  from  /'  to  the  cir<  uuj1«  reuoe. 


E..k::. 


:wx  nil. 


I'l. :>V>.    It  K»N    VIII.         'I  ill  •    . 

Tj  tram  without  a  circle  straight  lives  be  drawn  io 

tin  circumference,  tht  lea  t  nf  the*t  lines  is  thai  which,  when  pro- 

passi  <  thn  is  t1  - 
-  through  tin 


lhai  which 


Let  ABC  be  a  0 ,  of  which  0  is  the  centre. 
From  P  any  pt.  outside  the   ©,  draw  the  st.  line  PA^C, 
tueetiug  the  Oce  in  A  and  0. 

Then  must  I' A  >>.  less,  and  PC  greater,  than  any  other  st    in\, 

m  from  P  to  the  Oce. 

Foi   let  PB  be  any  other  st.  line  drawn  from  P  to  mee«  the 
n  /-'.  and  join  BO. 

:i  ".'  sum  of  PB  and  BO  is  greater  than  OP,  i.    0. 

.'.     mi  of  PB  and  BO  is  greater  than  sum  of  AP  and  aO. 
BO=AO; 

.'.  PB  is  greater  than  AP. 
i  v  PB  is  less  than  the  sum  of  PO,  OB, 
.'.  PB  is  less  than  the  sum  of  PO.  0( '  : 

.".  PB  is  less  than  PC.  q.  e.  d. 

Ex.  1.  £hew   that   PB  continually  increases   as   j;   p 
fin  ..i  A  to 

Ex  2.  Shew  that  from  P  two  straight  lines,  but  not  tune, 
that  shall  be  eoual,  can  be  drawn  to  the  circumference. 

Note.  From  Props,  vii.  and  vm.  we  deduce  the  following 
CoroJ^ry,  vrhic:.  V7e  shall  use  in  the  proof  of  Props.  xi.  and  xin. 
Cor.  If  c  point  letah    .  'hunt  a  ezrele,  oj  "11 

straight  lines  drawn  from  it  to  th    circumference,  the 

dngthroudh  th  ■  ■ 
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Proposition  IX.     Theorem. 

If  a  point  be  taken  within  adrcl  ,from  winch  0  ft  >>  7  more 
than  two  eqnal  straight  lines  to  the  circumference,  thai  ±> 
the  centre  of  the  cvrclt . 


Let  0  be  a  pt.  in  the  ©  A  B( '  from  which  more  than  two  st. 
lines  OA,  OB,  OC,  drawn  to  the  Oce,  are  equal. 

Then  must  Oh  th  centre  of  the  0. 

Join  AB,  BC,  and  draw  OD,  OE  ±  to  AB,  BC. 
0  I     OB.  and  OD  i 


Then 

in  the  right-angled  as  AOD,  BOD, 

.-.  AD=DB; 
.'.  the  centre  <>('  the  •    is  in  DO. 
Similarly  it  may  be  shown  th  i 

the  centre  of  the  <3  is  tiO; 
,*.  U  in  the  centre  of  the  ©. 


I.  E.  Cor.  p.  43. 
111.  1. 


Q.  E.  D 
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Proposition  X.     Theorem. 

Tim  circles  cannot  luce  more  then  two  joints  common  to 
both,  without  coim  tirely. 


If  it  be  possible,  let  ABC  and  ABE  be  two  ©s  which  have 
more  than  two  pts.  in  common,  as  A,  B,  C. 

Join  AB,  BC. 

Then  v  AB  is  a  chord  of  each  circle, 

.'.  the  centre  of  each  circle  lies  in  the  straight  line,  which 
bisects  AB  at  right  angles  ;  III.  1. 

and  V  BC  is  a  chord  of  each  circle, 

.*.  the  centre  of  each  circle  lies  in  the  straight  line,  -which 
bisects  BC  at  right  angles.  III.  1. 

.'.  the  centre  of  each  circle  is  the  point,  in  which  the  two 
straight  lines,  which  bisect  AB  and  BC  at  right  angles,  meet, 

.'.  the  ©s  ABC,  ADE  have  a  common  centre,  which  is 
impossible  ;  III.  5  and  (J. 

.'.  two  ©s  cannot  have  more  than  two  pts.  common  to  both. 

Q.  E.  D. 

Note.  We  here  insert  two  Propositions,  EucL  III.  25  and 
iv.  5,  which  are  closely  connected  with  Theorems  i.  and  x.  of 
this  book.  The  learner  should  compare  with  this  portion  of 
the  subject  the  note  on  Loci,  p.  103. 
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Proposition-  A.     PROBLEM.     (Eucl.  Hi.  25, 

)„  „,-.  of  at  ■■  ■'.  >■  '<  the  ci  -de  of  i 

it  is  a  part. 


Let  ABC  be  the  given  arc. 

l£  t's  required  in  comph  f<  the  '  ich    !  B( '  u  a  pari. 

Take  B,  any  pt.  in  arc  4BC,  and  j    0  ■'!'>■  !•''■ 
From  />  and  /.'.  the  middle  pts.  of  .l/;,.ti.l  B 
draw  DO,  "".  l  9  to  J/;.  /•'''.  mei 

Thm  v  .1/;  is  I"  be  a  chord  of  the  •  , 

.-.  ci  Qtre  of  the  •  lies  in  DO  ;  III.  1 

and  ".'  /<■' '  ia  to  be  a  chord  of  the  ■  . 

.•  .  entre  of  the  •  lies  in  /.'  '.  Ill  1. 

Hence  0  ia  the  centre  of  the  •  of  which    I  BC  ia  be 
and  it  a  •  be  described,  with  centre  0  and  radius  OA,  ihis 
will  be  the  ©  requin •«. 

q.  B.  r. 
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Proposition  B.     Problem.     (End.  iv.  5.) 
To  describe  a  circle  about  a  given  triangle. 


Let  ABC  be  the  given  A . 

It  is  required  to  describe  a  3  about  the  A. 

From  D  and  /•.'.  the  middle  pts.  of  AB  and  AG,  draw  DO, 
EO,   _  S  to  Al>.  A( '.  and  let  them  meet  in  0. 

Then  '."  AB  is  to  be  a  chord  of  the  0, 

.'.  centre  of  the  •   lies  in  DO.  III.  1. 

And  '.'  At '  is  to  be  a  1  hord  of  the  •  . 

.-.  centre  of  the  I  lies  in  EO.  III.  1. 

Hence    0   is    the  centre  of  the  J   which   can    be   described 
■  the  A,  and  if  a   •  be  described  with  centre  0  and  radius 
OA,  this  will  be  the  ©  required. 

Q.  E.  F. 

Ex.  If  BAG  be  a  ri   hi   angle,  show  that  U  will  coincide 
with  the  middle  point  of  BG. 
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Proposition  XI.    Theorem. 

If  ont  circle  touch  .'  other  internally  at  any  point,  the 
centre  i>f  the  interior  circle  must  lie  in  that  uiius  of  the 
oiher  circle  which  passes  through  that  point  of  contact. 


Let  the  ©  ADE  touch  the  ©  ABC  internally,  and  let  A  bo 
a  pt.  of  contact. 

Find  0  the  centre  of  •    .1 /<''',  uiid  join  OA. 
Tin  :  must  the  centre  of  •   ADE  In  in  the  radius  ".I. 

For  ll   I:    »,  let    /'  lie  the  mitre  of    •     -I  /'/'.'. 

Join  <>l'.  and  produce  it  t<>  meet  the  (  ce    in  D  and  B. 

Then  V  /'  is  the  centre  of  ©  ADE,  and  from  0  are  drawn 
to  the  Oce  of  ADE  the  st.  lines  OA,  <>l>.  of  which  <>l>  passes 
through  /', 

.-.  OD  is  greater  than  OA.  III.  8,  I  or. 

Bui  OA-   OB  ; 

■   OD  is  greater  than  OB, 

which  is  imposfible. 

/.  the  centre  of  •   .1  /'/.'  is  nol  oul  of  the  radius  OA. 

.".  it  lies  in  (>  I. 

Q.  &  D. 
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Proposition  XII.     Theorem. 

If  tiro  circles  another  externally  at  any  paint,  (he 

straight  line  joining  tht   ■<  nlre  of  one  with  tint  point  of  contact 
must  when  p-oduced  ijass  through  the  centre  of  the  othr. 


Let  ©  ABC  touch  3  ADE  externally  at  the  pt.  A. 
Let  0  be  the  centre  of  0  ABC. 
Join  OA,  and  produce  it  to  E. 
Then  must  tin:  centre  of  I  ADE  lie  in  AE. 

For  if  not,  let  P  be  the  centre  of  0  ADE. 

Join  OP  meeting  the  ©s  in  B,  D  ;  and  join  AP. 
Then  v  OB=OA, 
and  PD^AP, 

.'.  OB  and  PD  together=CU  and  AP  together  ; 
.".  OP  is  not  less  than  OA  and  AP  together. 
But  OP  is  less  than  OA  and  AP  together,  I.  20. 

which  is  impossible  ; 

.*.  the  centre  of  1  ADE  c  mnot  lie  out  of  AE. 

Q.  E.  D. 

Ex.  Three  circles  touch  one  another  externally,  whose 
centres  are  A,  B,  C.  Shew  that  the  difference  between  AB 
and  AC  is  half  as  great  as  the  difference  between  the  diameters 
of  the  circles,  whose  centres  arts  B  and  C. 
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Proposi  r:u  •  '.'.  I  IT.     Thj  i 

Our  circle  cannot  touch  another  at  ',uore  point* 
whether  it  touch  it  internally  or  t  cterwxily, 

First  let  the  •    A DE  touch  the  •    AB(    internally  it  pt.  A. 
Then  there  ean  be  no  other  ;  oiilt  of  contact. 


Take  0  the  centre  of  0  ABC 
Then  P,  the  centre  ol   •    ABE,  lies  in  OA,  HI.  11. 

T;ik«-  ;i'iy  pt.  E  in  the      ceofthe  •    ADE,  andjvis  OE. 
Then  •.•from  0,  a   |>t.  within  or  without  the  ■    ADS,  two 
lines    OA,   OE  ure  diuwn  to  the  o^s  of  which  ".I    p 
ihi  '    atre  /', 

.-.  ".!  is  greater  than  OE,  i  1 1.  8,  ( tor 

and  .'.  /.'  is  a  poinl  within  the  •   .1  B( '.  I 

Similarly  it   run?  he  shewn  thai  every  pt,  of  the  Qce  °f  tne 
•     I  DE,  •  ii  epl  .  I ;  1  ea  loitAtii  the  •    ABC ; 

'.  .1  fa  the  only  point  al  w  hich  the  •  b  i 
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Next.  \k  the  •  s  A  B( '.  A  1>E  touch  exti  rtudly  at  the  pt.  A. 
Tlien  there  can  be  no  other  point  of  contact. 


Take  0  the  centre  of  the  0  ABC. 
Then  P,  the  centre  of  the  ©  ADE,  lies  in  0 A  produced. 

III.  12. 
Take  any  pt.  D  in  the  Qce  of  the  ©  ADE,  and  join  OD. 
Tlicn  v  from  0,  a  pt.  without  the  ©  ADE,  two  lines  OA, 
OD  are  drawn  to  the  Oce>  of  which  OA  when  produced  passes 
through  the  centre  P, 

.-   OD  is  greater  than  OA  ;  III.  8. 

.".  D  is  a  point  without  the  0  A  BO.  P<  st. 

Similarly,  it  may  be  shewn  that  every  pt.  of  the  Oce  °f 
ADE,  except  A,  lies  without  the  ©  J..BC ; 

.".  A  is  the  only  point  at  which  the  ©s  meet. 

Q.  E.  D. 

Def.  VIII.  The  DISTANCE  of  a  chord  from  the  centre  is 
measured  by  the  length  of  the  perpendicular  drawn  from  the 
centre  «,o  the  chord. 
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Proposition  XIV.     Theorem. 

Equal  chords  in  &  circle  an  equally  distant  from  '!>>  centre; 
and  conversely,  those  which  are  equally  distant  frof  the  centre, 
ar>x  equal  to  one  anotlu  r. 


Let  the  chords  AB,  CD  in  the  0  ABDC  be  equal. 
Then  must  AB  and  CD  bi  equally  distant  from  the  centre  0. 

Draw  OP  and  OQ  ±  to  AB  and  CD;  adjoin  AO,  CO. 
Then  P  and  Q  are  the  middle  pts.  of  AB  and  CD:      III.  3. 

and  v  AB=CD,  .:  AP=  CQ. 
Then  v  .4P=ro,  and  AO=CO, 
in  the  right-angled  ^s  J  OP,  ( '<  -  . 

.-.  OP=Og  ;  I.  K.  Cor.  p.  4:5. 

and  .'.  .!/•'  and  CD  arc  equally  distant  from  0.  Def.  8. 

Next,  let  .!/>'  and  '7;  be  equally  distant  from  0. 
Then  must  A1',  =  C1>. 

OP—OQ,  and  A  <>=('(), 
in  the  right-angled  as  AOP,  ('OQ, 

.:  AP=CQ,  I.  K.Cor. 

and  .-.  A  li=  < 


Ex.  In  a  circle,  whoso  diameter  is  10  inches,  a  chord  is 
drawn,  which  i>  B  inches  long.  It  another  chord  he  drawn,  at 
a  distance  ol  3  inches  from  the  centre,  shew  wheth<  r  it  is  equal 
or  not  to  the  Former. 
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Proposition  XV.     Theorem. 

The  diameter  is  the  greatest  chord  in  a  circle,  and  of  all  others 
that  ichich  is  nearer  to  the  centre  is  alivags  greater  than  mi, 
more  remote  ;  and  the  greater  is  nearer  to  (lie  centre  than  tl« 
less. 


Let  AB  be  a  diameter  of  the  ©  ABDC,  whose  centre  is  0, 
and  let  CD  be  any  other  chord,  not  a  diameter,  in  the  ©, 
nearer  to  the  centre  than  the  chord  EF. 

Then  must  AB  be  greater  than  CD,  and  CD  greater  than  EF. 
Draw  OP,  OQ  J.  to  CD  and  EF  ;  and  join  DC,  OD,  OE. 

Then  ■.  •  A  0  -  CO,  and  OB  =  OD,        I.  Def.  1 3. 
.%  ^.B=sum  of  CO  and  OD, 
and  . '.  AB  is  greater  than  CD.  I.  20. 

Again,  •.  ■  CD  is  nearer  to  the  centre  than  EF, 

.:  OP  is  less  than  OQ.  Def.  8. 

Now  v  sq.  on  OC= sq.  on  OE, 
.:  sum  of  sqq.  on  OP,  PC= sum  of  sqq  on  OQ,  QE.    I.  47. 
But  sq.  on  OP  is  less  than  sq.  on  OQ ; 
. :  sq.  on  PC  is  greater  than  sq.  on  QE  ; 
.*.  PC  is  greater  than  QE  ; 
and  .'.  CD  is  greater  than  EF. 
Next,  let  CD  be  greater  than  EF. 
Then  must  CD  be  nearer  to  the  centre  than  EF. 
For  v  CD  is  greater  than  EF, 
.:  PC  is  greater  than  QE. 
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Now  the  sum  of  sqq.  on  OP,  PC=sum  of  sqq.  on  OQ,  QE. 

But  sq.  on  PC  is  greater  than  sq.  on  QE  \ 

.".  sq.  on  ''/'  is  less  than  sq.  on  0<2  ; 

.:  OP  is  less  than  OQ; 

and  .*.  CD  is  nearer  to  the  centre  than  EF. 

Q.  E.  D. 

Ex.  1.  Draw  a  chord  of  given  length  in  a  given  circle,  which 
shall  be  bisected  by  a  given  chord, 

Ex.  2.  If  two  isosceles  triangles  he  of  equal  altitude,  and 
the  sides  of  one  be  equal  to  the  sides  of  the  other,  shew  that 
their  liases  must  be  equal. 

Ex.  3.  Any  two  chords  of  a  circle,  which  cut  a  diameter  iu 
the  same  point  and  at  equal  angles,  are  equal  to  one  another. 

Dt'K  IX.   .1   straight  line  is  said  to  h   a  T  \ 
touch,  a  circle,  when  it  meets  and,  being  \  roduced,  does  not  cut 
tin  circle. 

From  this  definition  it  follows  thai  the  i  pgent  meets  the 
circle  in  one  poinl  onlvj  for  if  it  met  the  circfi  in  two  points 
it  would  cut  the  t:ircle,  since  the  line  joii  ing  two  points  in  the 
circumference  is,  being  produced,  a  secant.     (III.  2.) 

Def.  X.  If  from  any  poinl  in  a  circle  a  line  lie  drawn  at 
righl  tingles  t"  tie-  tangent   at   that    point,  lie'  line  is  called  a 
m.  to  the  circle  ;it  that  point. 

Def.  XI.   A  rectilinear  figure  is  said  to  lie  described  about  a 

:ircle,  when  each  side  ul  the  figure  tuuehes  the  circle. 


Ami  the  circle  i      lid  to  be  inscribed  in  the  figure. 
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Proposition  XVI.     Theorem. 

The  straight  lim   drawn  at  right  angles  to  th   ilia  meter  of  a 
circle,  from  the  extremity  of  it,  is  a  tangent  to  the  circle. 


Let  ABC  be  a  ©,  of  which  the  centre  is  O,  and  the  diameter 

Through  B  draw  DE  at  right  angles  to  A  OB.       I.  11. 
Then  must  DE  bt  a  tangent  to  th   ■  . 
Take  any  point  P  in  DE,  and  join  OP. 
Then,  V  _  OBP  is  a  right  angle, 
.'.  _  OPB  is  less  than  a  right  angle,  I.  17. 

and  .-.  OP  is  greater  than  OB.  I.  10. 

Hence  P  is  a  point  withou    th      •    ABC.  F'  - 

Tn  th^  same  wav  it  may  be  shewn  that   every  point  in   7 
or  U2£  produced   in  tither  direction,  except  the  point  B,  \\- ■ 
without  the    •   : 


DE  is  a  tangent  to  the  r  . 


Di  f.  &; 


O.  E.  D. 
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Proposition  XVII.     Problem. 
To  draw  a  straight  line  from  a  given  point,  either  without 
or  on  the  circumference,  which  shall  loach  a  given  arch. 


Let  A  be  the  given  pt.,  without  the  •   /><  'D. 
Take  0  the  centre  of  ©  BCD,  and  join  OA. 
Bisect  OA  in  E,  and  with  centre  Sand  radius  EO  describe 
©  ABOD,  cutting  the  given  •  in  B  and  /'. 

Join  AB,  AD.     Tins,  an  tangents  ■<>  the  0  BCD. 
Join  £0,  ££. 
Then  v  <>E=BE,  .:  l  0BE=  l  BOE  ;  I.  a. 

.-.  z  AEB=tmcei  OBfi  ;  I.  32. 

and  v  AE    BE,  .-.  -  .17;/;=  ^BAE:         1.  \. 
.-.  .  OEB « twice  i  ABE  ;  I.  32. 

.•.  sum  of  a  I/.7.',  OEB-  twice  stun  ofzs  0£i?,  ABE, 
that  is,  two  righl  angles = twicer  02L4  ; 

.'.  .  "/.'.I  is  a  right  angle, 
and  .'.  AH  is  a  tangent  to  the  •  BCUi       ill.  16. 
Similarly  it  may  be  Bhewn  that  .1/'  is  a  tangent  to  ©  BCD. 
Next,  l<  t  the  given  pt.  be  on  the  oce  of  the  •  .  as  /-'. 
Then,  it  /;.!  be  drawn  J_ to  the  radius  OB, 

/.'I  is  a  tangent  to  the  ®  at  E.  III.  16. 

Q.  K.  D, 

Ex.  l.  Shew  that  the  two  tangents,  drawn  from  a  point  with- 
out the  circumference  to  a  circle,  are  equal, 

I'.x.  2.  If  a  quadrilateral  .i  li('l>  be  described  about  a  circle. 
shew  that  the  sum  of  AB  equal  to  the  sum  of  A  I) 

and  BC. 
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Proposition  XVIII.    Theorem: 

If  a  straight  lint  touch  a  circle,  the  straight  lim  drawn  from 
tin   centrt   to  ttu  point  of  contact  must  be  perpendicular  to  the 

line  touching  the  ■ 


Let  the  st.  line  DE  touch  the  S  ABC  in  the  pt.  C. 
Find  0  the  centre,  and  join  OC 

Then  mu.4  OC  be  ±  to  DE. 

For  if  it  be  not,  draw  OBFi.  to  DE,  meeting  the  Oce  in  B. 

Then  Vl  OFCisu  it.  angle, 

/.  l  OCF  is  less  than  a  it.  angle,  I.  17. 

and  .-.  OC  is  greater  than  OF.  I.  19. 

But  OC=OB, 

.'.  OB  is  greater  than  OF,  which  is  impossible  ; 

.'.   OF  is  not  _l  to  DE,  and  in   the  same  way  it  may  In- 
shewn  that  no  other  line  drawn  from  0,  but  OC,  is  _L  to  DE  , 

.:  00  is  _  to  DE. 

Q.  E.  U. 

Ex.  If  two  sl  aight  lines  intersect,  the  centres  of  all  circles 
touched  by  buth  lines  lie  in  two  lines  at  right  angles  to  each 

other. 

Note.     Prop.  xvm.  might  be  stated  thus  :—AU  radii 
circle  are  normals  to  the  circle  at  the  points  where  tluij  meet  the 
circumference, 
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If  a  straight  liii'    touch  <>  circle,  and  from  (I,     p 
tact  'i  straight  line  be  drawn  at  right  angles  to  the  fouching'line, 

the  centre  C-f  th(   circle  must  In    in   that 


Lei  st.   lino  Df-J  t.mch  the  3  ABC  at  the  pt.  C,  and 

from  C  lei  ''.I  be  drawn     to  />/.'. 

Tin  i,    must   H"    i  ,  nl n    oj  111,      ■     I„     ,,'    ' 

For  if  iint,  lei  /•'  be  the  a  ntre  and  join  FG 

Then  .•  DCE  touches  the  •  ,  aud  PC  is  drawn  from  centre 
to  pt  of  contact, 

:.l  FGE  is  a  it.  angle.  III.  L& 

I '  /.  is  a  it.  angle. 

.'.  t  FGE       L  A< 'I'.,  which  is  impossible. 

in  the  Banoe  way  it  may  be  Bhewn  thai   do  pt.  oul  of  (    I 
cm  be  the  centre  of  i  no  •  ; 

.".  tin-  centre  of  the  •  lies  in  ' '. I. 

<>.    K.    1>. 

I'a     I  > acentric  circles   being  described,  if  a  chor<l  ■  i' 

eater  touch  the  less,  the  parts  of  the  chord,  intercept 
between  m  ■  !••>.  are  equal 

NTotb      Prop.  xi\.  might  be  stated  thus:     Every  norm 

•7m    i- nln. 
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Proposition  XX.     Tiikorem. 

77(c  mi'jli  a'  /'  •'  ,1  circle  is  double  of  the  an<jle  at  tin 

circumfi  n  rn  ■ .  subti  nd(  d    1/  the  same  ore. 

Let  ABC  be  a  © ,  0  the  centre, 
jBCnny  arc,  A  any  pt.  in  the  Oce. 

Then  must  l  BOG  =  hDia  1  BAC. 

First,  supj  ■se  0  to  be  in  one  of  the  lines  containing  the 
1  BAC. 


Then  v  6 A  =  OC, 

:.lOCA  =  lOAC\  La. 

.  sum  ot  l  b  0(  -1.  OJO  =  twice  z  (X4C. 
But  i  £00  =  sum  of  1  s  Or.  I .  0  J  . •  ■.  I.  32. 

•   lBOC=  twice  z  0.40. 
mat  is,  .  £00  =  twice  l  BAC 
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Next,  suppose  0  to  be  within  (tig  1),  or  without  (fig.  2)  the 
lBAO. 


Fig.  2. 


Join  AO,  and  produce  it  to  meet  the  Oc  ■  in  D. 
Then,  :is  in  the  firs! 

L  COB  =  twicer  OL&D, 
and/  BOD=  twice/  /M/>; 
.-.,  fig.  1,  sum  of  -  B   <'(>/>.  BOD  =  twice  sum  of  i  s   r.4D, 

thai  is,  l  BOC  =  twin      /.'.I''. 

And,  fig.  2,  difference  of  zs  ro/>,  y;<//*  =  twice  difference 
of  zs  CAD,  BA  D,  that  is,  l  BOC  =  twice     /MC. 

Q.  K.  D 


Ex.  From  any  point  in  a  straight  line,  touching  a  circle, 
a  Btraighl  line  is  drawn  through  the  centre,  and  is  terminated 
by  the  circumference;  the  angle  between  t^ese  two  straight 
lines  is  bisected  by  a  Btraighl  line,  which  intersects  the  Btraight 
line  joining  their  extremities.  Shew  that  the  angle  between 
the  lasl  two  Lines  is  half  a  right  angle. 


Book  III.]  NOTE  IT.  l49 

Note  2.    On  Flat  and  Reflex  Angles. 

We  have  already  explained  (Note  3,  liook  I.,  p.  28)  Low 
Euclid's  definition  of  an  angle  may  be  extended  with  advan- 
tage, so  as  to  include  the  conception  of  an  angle  equal  to  two 
right  angles  :  and  we  now  proceed  to  shew  how  the  Definition 
given  in  that  Note  may  be  extended,  so  as  to  embrace  angles 
greater  than  two  right  angles. 


Let  WQ  be  a  straight  line,  and  QE  its  continuation. 

Then,  by  the  Definition,  the  angle  made  by  WQ  and  QE, 
which  we  propose  to  call  a  Flat  Angle,  is  equal  to  two  right 
angles. 

Now  suppose  QP  to  be  a  straight  line,  which  revolves  about 
the  fixed  point  Q,  and  which  at  fiist  coincides  with  QE. 

"When  QP.  revolving  from  right  to  left,  coincides  with  QW, 
it  has  described  an  angle  equal  to  two  right  angles. 

When  QP  has  continued  its  revolution,  so  as  to  come  into 
the  position  indicated  in  the  diagram,  it  has  described  an 
angle  EQP,  indicated  by  the  dotted  line,  greater  than  two 
right  angles,  and  this  we  call  a  Reflex  Axgle. 

To  assist  the  learner,  we  shall  mark  these  angles  with  dotted 
lines  in  the  diagrams. 

Admitting  the  existence  of  angles,  equal  to  and  greater  than 
two  right  angles,  the  Proposition  last  proved  may  be  extended, 
as  we  pow  proceed  to  shew, 
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Proposition  C.    Theorem. 

Th,  angle,  not  less  than  two  right  angles,  at  tlu  • 
drclt  isdovJbh  of  tin   angh   at  tic   circum 

tin  sanu  arc. 


Fig.  1. 


Fig.  2. 


Tn  the  ■    ACBD,  let  the  angles    AOB  (not   lew  than  two 
right  angles)  ai  the  centre,  and   ADB  ai  ii,<   cirrumfereti 
mihtended  by  tin'  same  arc  .1'  '//. 

Then  mu  I      [OB     I      i      A  /'/'. 

Join  DO,  and  produce  it  to  meel  the  arc  ACB  in  C. 

Then  v.   .1'"'  »twice/  AJDO,  [II.  20. 

and     BOC    twice/  BDO,  III.  ^<>. 

IOC,  /.''"'     twice  stun  of-  -  ADO,  BI>0, 

tli.it  is,     .1"/;    twice     ABB. 

<>.  B.  D. 

Note.   In  fig.  I,     40JB  is  drawn  a  flal  angle, 
I  OB  is  drawn  n  reflex  on 

Def.  XII.  The  angle  in  the  angl<  contained  by 

iwn  from  any  point  in  the  arc  to  thi 
|  i be  chord 
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Proposition  XXI.     Theorem. 

The  angles  in  the  same  segment  of  a  circh   an   equal  to  ovc 
mother. 


Let  BAG,  BDC  I  <■  angles  in  the  same  segment  PA  DC 

must i  r.A<  =  t  BDC 

First,  when  segmeni  BADC  is  greati  nirimle. 

From  (),  the  centre,  draw  OB,  •  Kig.  1.) 

Then,  v.  /."  '=twice  '.BAC  III   20. 

and  .  BOC=twieez  /;/  III.  20. 
.  .    /;.!'   =  _  /;/h«. 

Next,  when  seg    e      /..!/■'      -    ess  than  a  m 

Let  E  be  the  pt.  of  intersection  of  AC  UB    (Fig.  2.) 
Then  vz  ABE=  -  DCE,  b\  the  first  ■  asi  . 

and  lPKA^  i  CED,  7    15. 

.-.lEAB=  iEDC,  L  32. 

that  is,  -  BAC=  -  /''//''.  q.  k.  D. 

Ex.  1.  Shew  that,  by  assuming  the  possibility  of  an  a 
being  greater  than  two  right  angles,  both   the  cases  of  Has 
proposition  may  be  included  in  one. 

Ex.  -2.   If  two  '    lino-,  whosi 

circumference  of  a  circle,  cut  one  another,  the  triangles  formed 

by  joining  their  extremities  are  equiangular  to  each  other. 


'$* 
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Proposition  XXII.     Throrbm. 

Tin  opposite  angles  of  any  quadrilateral  figure,  inscribed  in 
(/  cirri,,  nr,  together  equal  to  two  right  angles. 


Let  ABCD  be  a  quadrilateral  fig.  inscribed  in  a  0. 

Then  must  each  pair  of  its  0  be  together  equal  to 

tn-i,  ,1.  L  8. 

the  diagonals  AG,  BD. 

Then  v     .1  l>i:  =  t  ACB,  in  tb<  1  at,         til.  21. 

and     /•'/"          BAC,  in  the  en<  ;         I!  I.  21, 

.-.  sum  ..\  .  -    !/-/;.  /;/<.•'  :Bum  of  ACB,  BAC; 
thai  is,     .(/"'-sum  ofzs  .1'/;.  /;.|r. 
Add  to  each  -  .I/.'''. 

Then  .  -    .1/"'.     IBC    -     1  ther-sum  of*  -     ICB,    B  I   ' 

nnd   ■.  zs-l/"'.  .1/.'   together—two  rigbl  I. 

Siinii.i  Ij .  it  may  1"'  shi  wn, 

tli.it  .  a  /;  1 1).  B(  7'  •  ■••  •!,.  1     two  righi  z  s. 

\'>tf..—  Another  method  of  proving  this  proposition  is  given 
ou  page  •  77, 
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Ex.  1.  If  one  side  of  a  quadrilateral  figure  inscribed  in  a 
circle  be  produced,  the  exterior  angle  is  equal  to  the  opposite 
angle  of  the  quadrilateral 

Ex  2.  If  the  sides  J  B,  DC  of  a  quadrilateral  inscribed  in 
a  circle  be  produced  to  meet  in  E,  then  the  triangles  EUC, 
EAD  will  be  equiangular. 

Ex.  3.  Shew  that  a  circle  cannot  be  described  about  a 
rhombus. 

Ex.  4.  The  lines,  bisecting  any  angle  of  a  quadrilateral  figure 
inscribed  in  a  circle  and  the  opposite  exterior  angle,  meet  in 
the  circumference  of  the  circle. 

Ex.  5.  AB,  a  chord  of  a  circle,  is  the  base  of  an  isosceles 
triangle,  whose  vertex  C  is  without  the  circle,  and  whose 
equal  sides  meet  the  circle  in  D,  E  :  shew  that  CD  is  equal 
to  CE. 

Ex.  6.  If  in  any  quadrilateral  the  opposite  angles  be  to- 
gether equal  to  two  right  angles,  a  circle  may  be  described 
about  that  quadrilateral. 

Propositions  xxm.  and  xxiv.,  not  being  required  in  the 
method  adopted  for  proving  the  subsequent  Propositions  in 
this  book,  are  removed  to  the  Appendix.  Proposition  xxv. 
has  teen  already  proved. 


Note  3.   On  the  Method  of  Superposition,  as  apt -lied 
to  Circles. 

In  Props,  xxvi.  xxvu.  xxvm.  xxix.  we  prove  certain 
relations  existing  between  chords,  arcs,  and  angles  in  equal 
circles.  As  we  shall  employ  the  Method  of  Superposition,  we 
must  state  the  principles  which  render  this  method  appli- 
cable, as  a  test  of  equality,  in  the  case  of  figures  with  circulcr 
boundaries. 


/  re i  id's  ELI  '■-■■-  HI 


,  KIIL  Equal  circles  are  those,  of  which  the  radh 

'I'nil. 

!  i' 


r  ,   .  .,  p0  e  ABC,  A  l'<"  to  be  circles,  of  which  the  radii 

|iial. 
Thm  if  •    A'B'C  be  applied    to   •    ABC, 

of  A'B'C,  coincides  with  0,  the  centre  of  .1/;''.  ii  is 
evident  that  any  particular  point  A'  in  tl  '  tin- I  riner 

mnst  coincide  with  sonn  point  .1  lal cause 

of  the  f  the  radii  O'A'  and  ".I. 

.':'<"  must  coincide  with  Oir  -•' 
thai  is,  •   A'B'C=  ■  .!/ 
Further,  when  applied    I  the 

\i;t' 

I  B'i "   revolv(  s    ronn  mnion 

centre.     II  ay  suppose  any  particular  point  B'  in  the 

circuti  ■   A'B'C  to  be  u  nde  to  coincide  with  any  pan 

of  ABC. 
in,  any  radius  0'.4'  of  thi  \' /:'<''  may  be  made  to 

le  w  ith  am  radius  OA  'I  the  cin  le  Al 

Also,  if  .  I '  /  * ' . :  1 1 « 1  .!/•'  1 i'i'!  arcs,  they  may  be  made  to 

de. 

i  circle  divides  the  circle  into 

i 

10B.I  '■    of  the 

[  CBD 

1 1 '/.'  !•■  bi  ap- 

■  /  ■  l        a    i" 

i  /;  i  common  boundary  :  then 

incide  with  the 

I  /'/:    1  ■  \    point    in 

each  ii  equally  distant  fro 
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Proposition  XXVI.    Theorem. 

In  equal  circl  -.  which  subtend  equal  angles,  whether 

at  the  circumferences,  must  be  equal. 


Let  AB(\  DEF  be  equal  circles,  and  let  -  s  BGC,  EHF  at 
their  centres,  and  l  -  BAG,  E1)F  at  tl  .  be  equal. 

Then  must  arc  BKC=arc  ELF. 

lot,  if  3  ABC  be  applied  to  ■   DEF, 

so  that  G  coincides  with  II,  and  GB  falls  on  HE, 
then,  V  GB=  HE,  ;.  B  will  coincide  with  7s\ 

And  v  i  £(?<?=  i  EHF,  .'.  GO  will  fall  on  /,'/•'; 

and  •.•  GC=HF,  :.  ('will  coincide  with  i*'. 
Then  •.•  1?  coincides  with  Sand  ''with  /•'. 
.-.  arc  J32TC  will  coincide  with  and  be  equal  to  i    c  ELF. 


Cor.  Sector  BGCK  is  equal  to  sector  EEFL. 

Note.     This  and  the  three  following  Prop  sitions  arc,  and 
will  hereafter  he  assumed  to  be,  true  for  |  -  well 

as  for  equal  cin 
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Proposition  XXVII.     Tiikohem. 
In  equal  circles,  the  angles,  which  an  subtended  by  equal  arcs, 
whether  tluy  are  at  the  centres  or  at  the  cvrcumferences,  utu.t  be 
equaL 


L 
Let  ABC,  DEF  be  equal  circle,  anrl  lot  i  s   '-Ci  •  EH  I  ai 
their  (•••litres,  and  l  a  BAG,  EDF at  their  c<-'v~-  '"'  subtended 
by  equal  area  l!K<\  ELF. 

Then  mwti  BGC=  -  EHF,  audi  BAC=  t  EDF. 

For,  if  •   ABCbe  applied  to  •   />/  /-', 
so  tliat  G  coincides  with  //,  and  GB  fall;   id  ///.', 
then  •/  OJB     II F.  .'.  /;  will  coincide  with  B  : 
and  ■.'  arc  BlT(7=arc  /•.'/,/*',  .-.  Cwill  coincide  witl  -F. 
Hence,  GO  will  coincide  with  II F. 
Tien  •  •  BG  coincides  with  Ell.  and  GC  with  ///■', 

BGC  will  coincide  with  and  be  equal  to  l  Fill'. 

A- .in.  :•  l  i:A<'=  half  of  .  BGC,  HI.  20, 

andz  /;/>/'=  lialf  of  iFIII\  III.  20. 

.-.  lBA<'=  l  EDF.  I   Ax.  7. 

Q.   E.  D. 

Bx.  1.  If.  in  a  circle,  AI'.  CD  \»-  two  arcs  of  given  magni- 
nd    I''.  BD  be  joined  to  meet  in  E,  shew  that  the  angle 
I  .7;  is  invariable. 

_'.  The   straight    lines  joining   the    extremities   of  'hi' 
<  h  >r«la  of  two  equal  arcs  of  the  same  circle,  towards  the  same 
parallel  to  each  other, 
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Proposition  XXVIII.    Theorem. 

In    (quid   circles,  tl>>    arcs,   which   are  subtended  by 
chords,  must  be  equal,  the  greater  tu  the  greater,  and  the  Am  to 

the  less. 


Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal  chords, 
subtending  the  major  arcs  BAC,  EDF, 

and  the  minor  arcs  BGC,  EHF. 
Th<n  mud  arc  BAC  =  arc  EDF,  and  are  B&C=  arc  EHF. 
Take  the  centres  A'.  L,  and  join  KB,  KG,  LE;LF. 
Then  v  KB=LE,  and  KC=LF,  and  BC=EF, 

.:  1  BKC  =  l ELF.  I.e. 

Hence,  if  •   ABC  be  applied  to  G   DEF, 

so  that  A"  coincides  with  L.  and  A*L'  falls  en  /,/•', 

then  v  l  BKC  =  _  i'XF.  .'.  A"'    will  fall  on  LF ; 

and  v  KC  =  LF,  .:  C  will  coincide  with  .F. 

Then  y  B  coincides  with  E,  and  C  with  F, 

/.  arc  B.4C  will  coincide  with  and  be  equal  to  arc  EDF, 

andarcBGC #H# 

Q.  E.  D. 

Ex.  1.  If,  in  a  circle  ABCD,  the  chord  AB  be  equal  to  the 
chord  DC,  AD  must  be  parallel  to  BC. 

Ex.  2.  If  a  straight  line,  drawn  from  A  the  middle  point 
of  an  arc  BC,  touch  the  circle,  shew  that  it  is  parallel  to  the 
chord  BC. 

Ex.  3.  If  two  equal  chords,  in  a  given  circle,  cut  one  an- 
other, the  segments  of  the  one  shall  be  equal  to  tl.e  segments 
■>  '■'  the  other,  each  to  each. 
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Proposition  XXIX.    Theorem. 

/"  xjihil  circles,  the  chords,  which  subtend  equal  arcs,  i     it 
be  equal. 


Let  ABC,  DEFbe  equal  circles,  and  let  BC,  EF  be  chorda 
subtending  the  equal  area  BGO,  i'.HF. 

Thm  must  chord  BC  =  cAord  / 'J  . 

Take  the  centres  B  . 

Then,  if  •   ABCbe  applied  to  •    DOT, 

so  that  A"  coincides  with  /.,  an. I  /;  with  E, 

and  an-  /,v,v  falls  on  arc  EHF, 

:■  arc  BGC    arc  /:///•',  .'.  0  will  coincide  wil 

Then  v  B  coincidea  with  I'.  ;,uA  c  with  /•'. 

,\  chord  BC  must  coincide  with  and  be  equal  tu  chord  EF. 

','.    K.    D. 


Ex.  1.  The  two  straight  lines  in  a  circle,  which  join  the 
•  wo  parallel  chorda,  are  i  qua!  t"  one  another. 

!   .        [|  •  qual  chords  of  a  circle,  cut  one  anotl 

i  the  circle,  thai 
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Note  4.   On  the  Syrmnetrical  j  *ro\  erties  of  the  Circle  with 
regard  to  its  diameter. 

The  brief  remarks  on  Symmetry  in  pp.  107,  108  may  now 
he  extended  in  the  Gojlowing  way  : 

A  figure  is  said  to  be  symmetrical  with  regard  to  a  line, 
when  every  perpendicular  to  the  line  meets  the  figure  at 
points  which  aie  equidistant  from  the  line. 

Hence  a  Circle  is  Symmetrical  with  regard  to  its  Diameter, 
because  the  diameter  bisects  every  chord,  to  which  it  is  per- 
pendicular. 


Further,  suppose  AB  to  be  a  diameter  of  the  circle 
iCBI),  of  which  0  is  the  centre,  and  CD  to  be  a  chord 
perpendicular  to  AB. 

Then,  if  lines  be  drawn  as  in  the  diagram,  we  know  that 
Ah  bisects 

(1.)  The  chord  CD,  III.  I. 

(2.)  The  arcs  CAD  and  CBD,  III.  26. 

(3.)  The    angles    CAD,    COD,    CBD,   and    the    reflex 
angle  I  I.  4. 

Also,  chord  CB=chord  I>B,  I.  4. 

and  chord  AC=  chord  A  D  I.  4. 

These  Symmetrical  relations  should  be  carefully  observed, 
because  they  are  often  suggestive  of  methods  for  the  solution 
of  probiems. 
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Proposition  XXX.     Problrm. 
To  bisect  a  given  arc 


A.  B  c 

Let  ABC  be  the  given  arc. 

It  it  required  to  bisect  the  are  .1  BC. 

Join  AC,  and  bisect  the  chord  AC  i     I).  I.  10. 

From  I>  draw  Dili  to  AC.  I.  11. 

Z7t€u  »•('//  the  are  .  I  />'i '  6i  bisected  in  B. 

Join  /U,  BC. 

Then,  in  &s  .1  ///'.   C7)$ 

V  AD~=CD,  an.!  /;/>'  is  common,  and  <  A  DB  =  ^  C'V")/:, 

■  ••  /•'  I       /•'  •  I.  4. 

Put,  in  the  same  circle,  the  airs,  which  are  subtended  by 

equal   chords,  are  equal,  the  greater  to  the  greater  and  the 

"  tlit'  less  ;  ill.  28. 

and  '.'  BD,  if  produced,  is  a  diamet 
.•.  each  of  the  area  /•'.!,  /■' '.  is  lea    I  ban  a  semicircle, 
and  .'.  arc  HA  —arc  BC. 
Thus  the  arc  .1  Bl '      bi  ected  in  B. 

Q.  A  T. 

Ex.  If,  from  any  pninl   in  tln>  diameter  <>f  a  seiiiici 
be  drawn  two  straight  lines  to  the  circumference, 
to  tl:-  rcnmfi  rence,  and  the  other  at  ri^'lit 

■  ter,  the  sq  ■  two  lines  are 

ii  i  be  Bquun    m  the  i 
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Proposition  XXXI.     Theorem. 

1"  :  and 

the  a,  iter  than  a 

•  segment  L^  than  a  semicircle 
eater  than  a  right  angle. 


Let  ABC  be  a  •  ,  0  its  centre,  and  BC  a  diameter. 

1  AC,  dividing  the  1  into  the  a  /.''.  ADC. 

Join  BA,  AD,  DC,  AO. 
T/i 

.  .  ■  . 
First,  v  BO=AO,  :.lBAO=  -  ABO;         I.  .\. 

.-.  _  <m,i  =  •-.;,;,  L  BAO;  I.  32. 

and  v  CO=*AO  .'.  t  CAQ=  l  ACQ  ;  I.  a. 

.'.  i  £CU  =  twic.  _  C40;  I.  3 

. \  sura  of  L  s  <  I  =  t  wice  sum  of  z  s  jB J. 0,  CJ  0,  ( hat 

is,  two  rii;ht  angles = twice  z  !'■. 

.'.  l  BAC  is  a  ricrht  angle. 
v  -  BA  (7 is  art.  z  , 
.*.  l  ABC  is  less  than  a  rt.  z  .  I.  17. 

Lastly,  V  sum  ofz  s  ^BC,  .!/»'=:wo  rt.  z  s,        III.  22, 
and  t  ABi  lan  a  rt.  z  , 

.".  i  A  D( '  La  greater  than  a  rt.  z .  :.  d. 

Xote. — For  a  simpler  proof  see  page  178. 


t6±  i:i  c/.i/r s  /■: /./■:.)//■:. vrs.  risooknt 

Ex.  1.  If  a  circle  be  described  on  the  radius  of  another  circle 
as  diameter,  any  straight  line,  drawn  from  the  point,  w) 
they  meet,  to  the  outer  circumference,  is  bisected  by  the  in- 
terior  one 

Ex,  2.  If  a  straight  line  be  drawn  to  touch  a  circle,  and  be 
parallel  to  a  chord,  the  point  of  contact  will  be  the  middle 
point  of  the  arc  cut  off  by  the  chord. 

Ex.  3.  If,  from  any  point  without  a  circle,  lines  be  d 
touching  it,  the  angle  contained  by  the  tangents  is  double  of 
the  angle  conl  lined  by  the  line  joining  the  points  of  contact, 
and  the  diameter  drawn  through  one  of  them. 

Ex.  4.  The  vortical  angle  of  any  oblique-angled  triangle 
inscribed  in  a  circle  i-  greater  or  less  than  a  right  angle,  by  the 
ingle  contained  by  the  base  and  the  diameter  drawn  from  the 
extremity  of  the  I 

Ex.  5.  If,  from  the  extremit;es  of  any  diameter  of  a  given 
circle,  perpendiculars  be  drawn  to  any  chord  of  the  circle 
is  not  parallel  to  the  diameter,  the  Less  p  rpendiculat  shall  be 
equal  to  that  segment  of  the  greater,  which  is  contained  between 
the  circumference  and  the  chord. 

Ex  'i.  If  two  circles  cut  one  another,  and  from  either  point 
if  intersection  diameters  be  drawn,  the  extremities  of  these 
diameters  and  the  other  point  of  intersection  lie  in  the  same 
straight  line. 

V.x.  7.  Draw  a  straight  line  cutting  two  concentric  circles, 
co  that  tin-  part  of  it  which  is  intercepted  by  the  circumference 
of  the  greater  may  be  twice  the  part  intercepted  by  the  circum- 
ference  of  the  L 
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Proposition  XXXil.     Theorem. 
If  a  straight  li  e  towh  a  circle,  and  from  th     oint  of  contact 
a  straight  Urn   bi  drawn    fitting  On   circle,  th   angles  made  by 
this  line  urith  th  liiu   Urn   ■  '■■<   equal  to  the 

angles,  which  an  in  th  al  cmate  segments  of  the  circle. 


Let  the  st.  line  AB  touch  the  9  CDEF  in  F. 
Draw  the  chord  FD,  dividing  the  ©into  segments  FCD,  FED. 
Then  mud  z  DFB=  z  in  segment  F<  '!>, 
and  1  DFA=  z  in  segment  FED. 
From  F  draw  the  chord  EC  ±.to  AB. 

Then  FC  is  a  diameter  of  the   •  ,  III.  19. 

Take  any  pt.  E  in  the  arc  FED,  and  join  FE,  ED.  D< '. 
Then  v  FDC  is  a  semicircle,  .'.  _  FDC  is  a  rt.  z  ;     III.  31. 
.-.  sum  of  -     Ft  D,  1  7'i.'  =  a  rt.  z .  I.  35. 

[so,  sum  ofz  b  DFB,  CFD=a  rt.  z  . 
.:  sum  of  L  s  DFB,  '  'FD  =  mm  of  z  s  FCD,  CFD, 
and  .-.  z  DFB=  L  FCD, 
that  is,  l  DFB=  z  in  segment  FCD. 
Again,  V  CDEF  is  a  quadrilateral  fig.  inscribed  in  a   •  , 

.-.  sum  of  L  s  FED,  F(  D=two  rt.  z  s.  IIL  22. 

Also,  sum  ofz  s  DFA,  DFB=two  rt.  z  s.  I.  13. 

.-.  sum  of  t     \  >i   I .  DFB=sum  of  z  s  .F£D,  .FCD  ; 
and  z  i'i'i;  has  been  proved  =  z  .FCD  ; 

:.lDFA=  lEED, 
that  is,  z  DFA=  z  in  segment  .FED. 

Q.  E.  u. 

Ex.  The  chord  joining  the  points  of  contact  of  para  II 


gents  is  a  diameter, 


r64 


EUCLID'S  ELEMENTS. 


[Book  III. 


Proposition  XXXIII.     PROBLEM. 
On  a   given  straight  line  to  describt  a  a  .'.xxt  of  a  circle 
mtaining  '■'  a  :'"'"'  ■"i,J^c- 


Lei  AB  be  .In-  given  st.  line,  and  C  the  given  z. 
H  is  required  /<>  describi    <>■>   .1/-'  a       w  »<  «/  a   9  tofttcfc 
*/iaW  contain  am  l  =     0. 

A-  pt.  .1  in  st.  line  AB  make  z  B4D=  t  C.      I.  23 
Draw  .1  E     to  ,f  /'.  and  1 
From  F  draw  I'G'i  to  J  /-',  meeting  A  E  in  (/.    Join  OB. 

Then  in     a  .  I '.'/'.  B#F  ; 
•.■  J  /■'     /;/■',  and  i  <:  is  eomn  i  I  FG     .  B.FG1 ; 

OA    '//;.  i.  i. 

With  0  as  centre  and  GJ  as  radius  d<  scrihe  ;i  •   ABH. 

Then  will  .  I  ///.'  be  the  i  qd. 

For  .'  .1  /'  i-     to  A  /'A  a  line  passing  through  the  a  a\  re, 

.*.  M>  is  a  tangent  to  the  •    Al  [II.  Ift 

Aii'l  .'  the  chord  .!/•'  is  drawn  from  the  pt  of  contact  A, 
.-.  z  /;J7>=  z  in  segmi  nl  ABB,  III.  32. 

that  gmenf  .1///.'  contains  nn  i  —  .  <'. 

: i t i • !  it  ia  d(  3d  ibi  d  <  was  r<  qd. 

q.    K.    I  . 

1.  Two  circles  intersect  in  A,  and  through    I  is  drawn 
ighl  line  meeting  th<  fain  in  /'.','.     Prove  thai 

the  angle  between  the  tangents  ;u  /'  and  Q  is  equal  bi 
etween  t  I 

2.  From  two  given  points  <>n  the  Baroe  Bide  of  a  straight 
line,  given  in  position,  draw  two  lines  which  shall  <"i>- 

•  ii  angle,  and  be  t<  rminat*  >i  in  the  given  line, 
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Proposition-  XXXIV.     Problem. 

To  cut  off  a  x(gn  a  given  circle,  capable  of  con- 

taining  an  angle  equal  to  a  given  angle. 


Let  ABC  be  the  given  3  ,  and  D  the  given  i . 

It  is  U  off  from  5  ABC  a  tegi  Me  of 

ning  an  l  =  L  I>. 

Draw  the  st.  line  EBF  to  touch  the  circle  at  B. 

At  B  make  L  FBC  =  L  I). 

Then  v  the  chord  B( '  is  drawn  from  the  pt.  of  contact  B, 

.-.  l  FBG=  i  in  segment  BAC,  III.  32. 

that  is,  the  segment  BAC  contains  an  z  =  _  T> : 
and  .*.  a  segment  has  been  cut  oft'  from  the  3 ,  as  was  reqd. 

Q.   E.  F. 

Ex.  1.  If  two  circles  touch  internally  at  a  point,  ai  ;. 
line  passing  through  the  point  will  divide  the  circles  inb 
inents.  capable  of  containing  equal  ai  2 

Ex.  2.  Given  a  side  of  a  triangle,  its  vertical  angle,  and  the 

radius  of  the  circumscribing  circle  :  construct  the  triangle. 

Ex.  3.  ("liven  the  base,  vertical  angle,  and  the  perpendicular 
from  the  extremity  of  the  base  on  the  opposite  side  :  construct 
the  triangle. 
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Proposition  XXXV.    Theorem. 
If  tiro  chords  in  a  circh   cut  one  another,  tfo  rectangl 
tained  by  th  segments  of  om  of  them,  is  eq    il  to  the  rectangle 
contained  by  the  segments  of  the  other. 


Let  the  chords  AC,  !'>!>  in  the  •   ABCD  intersect  in  the  pt   P. 

Then  must  reel  AP,  PC    t  ct.  /;/',  PD. 

From  0,  the  centre,  draw  OM,  ON  I  a  to  AC,  BD, 

and  join  OA,  OB, 

Then  v  AC  is  divided  equally  in  Wand  unequally  in  P, 

.-.  rect.  .1  /'.  PC  with  sq.    Q   Ml'     sq.  on  .1  M.      II.  5, 

Adding  to  each  the   q.  on  MO, 

rect.  .1  P,  PC  with  sqq.  on  MP,  .W"     sqq.  on  AM,  MO  : 

.-.  rect.  .1  /'.  PO  « iili  sq.  on  "/'   =sq.  on  OA.        I. 
In  the  Barue  way  it  may  be  shew  n  I 

rect.  /.'/',  PD  with  sq.  on  OP  =sq.  on  "/•'. 
Then  V  Bq.  on  OJ  =sq.  on  '  >li. 
,-.  rect.    I/'.  PC  with  sq.  on  OP=rect.   /.'/',   PD  with  Bq. 

■  ■r.    OP; 

.-.  rect  .1/'   P(7=rect.  /;/'.  /7>.         q.  b.  d. 

I  ■■     !.     I     md    /.'   are    fixed    points,   and    two   circles 
described  passing  through  them;    PCQ,  PCQ'  are  chorda  o| 
these  circles  intersecting  in  C,  a  point  in  .1/.':  shew  tha 
rectangle  CP,  ' V  is  equal  to  the  rectangle  '7'',  CO/. 

Ex  2.    It'  through  any  point   in  the  common  chord  of  two 
circles,  which  intersi  tiother,  there  be  drawn  any  two 

other  chords,  one  in  each  circle,  their  four  extremities  shall  all 
lie  in  the  circumference  of  a 
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Proposition  XXXVI.     Theorem. 

If,  from   any  'thout   a   circle-,    two 

■  ■ 
it  ;   tht 

without  the  circle,  mutt    >.  tq\ 

■  are  on  lh>.  Luc  which  touches  it. 


Let  D  be  any  pt.  \\  i thout  the  0  ABC, 

and  let  the  st.  lines  DBA,  DCbe  drawn  to  cut  and  touch  the  0. 

TJo  D,  DB=sq.  on  DC. 

I.    ...  0,  the  centre,  draw  OM  bisecting  AB  in  JI, 

and  join  OB,  OC,  UD. 
Then  v  AB  is  bisected  in  M  and  produced  to  D, 
.:  rect.  AD,  DB  with  sq.  on  MB=eq.  on  MD.     II.  6. 
Adding  to  each  the  sq.  on  MO, 
rect.  AD,  DB  with  sqq.  on  MB,  MO=sqq.  on  MD,  MO. 
Now  the  any!.  1  Care  rt.  1  B  :     III.  3  and  18. 

.'.  rect.  _4D,  _Di>*  with  sq.  on  OB=m\.  on  0J5 ; 
.*.  rect.  -iD.  DF  with  sq.  on  OB=sqq.  on  OC,  DC.     1.  47. 
And  sq.  on  Of>  =  »q.  on  OC ; 
'.  rect.  Ah.  DU=sq.  on  .DC.  Q.  e.  d. 
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Proposition  XXXVII.     Theorem. 
If,  from  <<  i  oint  without  "  circle,  then  In  <!,  ■  night 

of  which  cuts  tlo   circle,  and  the  <»///./■  meett  it  :  if 
dangle  contained  by  th   whole  line  which  cuts  the  i 
and  th  pari  of  if  without  the  circle,  be  equal  to  th 

waich  meets  it,  the  lint  which  meets  must  touci  therircl* 


Let  A  be  a  pt.  without  the  •  B(  'D,  of  which  0  is  the  centra 
From  .1   lei  two  >t.  lines  ACD,  AB  be  drawn,  of  which 
ACD  ruts  the  •  and  .1  /•'  meets  it. 

Then  ifrect.  DA,  AC=sq.  on  .!/•'.    \l'  must  touch  the  0. 
Draw  All  touching  the  •   in  /:,',  and  joip  OB,  OA,  OE. 
Then  ".'  .1 '  'l>  ruts  the  @ .  and  .1  /.' 

.-.  rect.  DA,  4C=sq  on  .!/:.  III.  36. 

But  net.  DA,  4C=sq.  on  AB;  Hyp, 

.•.  sq.  ..u    I  /;    sq,  "ii  A  E  ; 
.-.    I/;     AE. 

•  OAB,  ".!/•:. 
V  OH  ■--<>!:',  and  "I  La  en, mm:,,  and  Al\=AE, 


ABO-       AEO. 

Bui     .1  EO  is  a  rt,  z  ; 
I  /.'"  is  a  rt.  L  . 
Now  BO,  if  produced,  i    a  diameter  of  the  ©  ; 
.■.  AB  touches  the  ©. 


III.  18. 


III.  16. 
Q.  E.  D. 
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Miscellaneous  Exercises  on  Book  III. 

1.  The  segments,  into  which  a  circle  is  cut  by  any  str 
line,  contain  angles,  v  hose  difference  is  equal  to  the  inclination 
to  each  other  of  the  straight  lines  touching  the  circle  at  the  ex- 
tremities of  the  straight  line  which  divides  the  circle. 

2.  If  from  the  point  in  which  a  number  of  circles  touch  each 
other,  a  straight  line  be  drawn  cutting  all  the  circles,  shew 
that  the  lines  which  join  the  points  of  intersection  in  each  circle 
with  its  centre  will  be  all  parallel 

3.  From  a  point  Q  in  a  circle,  QX  is  drawn  perpendicular  to 
a  chord  PP\  and  QM  perpendicular  to  the  tangent  at  P  :  shew 
that  the  triangles  NQP1,  QPM  are  equiangular. 

4.  AB,  AC  are  chords  of  a  circle,  and  D,  E  are  the  middle 
points  of  their  arcs.  If  DE  be  joined,  shew  that  it  will  cut 
off  equal  parrs  from  AB,  AG. 

5.  One  angle  of  a  quadrilateral  figure  inscribed  in  a  circle  is 
3   t  angle,  and  from  the  centre  of  the  circle  perpendiculars 

are  drawn  to  the  sides,  shew  that  the  sum  of  their  squares  is 
equal  to  twice  the  square  of  the  radius. 

»  A  is  the  extremity  of  the  diameter  of  a  circle,  0  any 
point  in  the  diameter.  The  chord  which  is  bisected  at  0  sub- 
tends a  greater  or  less  angle  at  A  than  any  other  chord  through 
0,  according  as  0  and  A  are  on  the  same  or  opposite  sides  of 
the  centre. 

7.  If  a  straight  line  in  a  circle  not  passing  through  the  centre 
be  bisected  by  another  and  this  by  a  third  and  so  on,  prove  that 
the  points  of  bisection  continually  approach  the  centre  of  the 
circle. 

8.  If  a  circle  be  described  passing  through  the  opposite 
angles  of  a  parallelogram,  and  cutting  the  four  sides,  and  the 
points  of  intersection  be  joined  so  as  to  form  a  hexagon,  the 
straight  lines  thus  drawn  shall  be  parallel  to  each  other. 

9.  If  two  circles  touch  each  other  externally  and  any  third 
circle  touch  both,  prove  that  the  difference  of  the  distances  of 
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the  centre  of  the  third  circle  from  the  centres  of  the  other  two 
is  invariable. 

10.  Draw  two  concentric  circles,  such  that  those  chord  of 
the  outer  circle,  which  touch  the  inner,  may  equal  its  diam 

11.  If  the  sides  of  a  quadrilateral  inscribed  in  a  circli  be 
bisected  and  the  middle  points  of  adjacent  sides  joined,  the 
circles  described  about  the  triangles  thus  formed  are  all  equal 
and  all  touch  the  original  circle. 

12.  Draw  a  tangent  to  a  circle  which  shall  bo  parallel  to  a 
given  finite  straight  line. 

13.  Describe  a  circle,  which  shall  have  a  given  radius,  and 
its  centre  in  a  given  straight  line,  and  shall  also  touch  another 
straight  line,  inclined  at  a  given  angle  to  the  former. 

14.  Find  a  point  in  the  diameter  produced  of  a  given  circle, 
from  which,  if  a  tangent  be  drawn  to  the  circle,  it  shall  be 
equal  to  a  given  straight  line. 

15.  Two  equal  circles  intersect  in  the  points  A,  /•',  and 
through  /'  a  straight  line  CUM  is  drawn  m  again  in 
C,  M.  Shew  that  if  with  centre  C and  radj  BM  a  circle  be 
described,  it  will  cut  the  circle  ABC  in  a  point  L  such  that  arc 
AL=&rc  AB. 

Shew  also  that  LB  is  the  tangent  at  B. 

16.  AB  is  any  chord  and  AG  a  tangent  to  a  circle  at  A  ; 
CDE  a  Line  cutting  the  circle  in  D  and  /■'  and  parallel  to  A  /<'. 
Shew  that  the   triangle   ACD  is  equiangular  to   the  triangle 

/:.i/;. 

17.  Two  equal  circles  cut  one  another  in    the  points  A    />'  : 
b  'hold  equal  to  A  /»'  ;  shew  thai    1 1  'is  a  tangonl  to  the 

other  circle. 

18.  A,  B  are  two  points  ;  with  centre  B  describe  a  circle, 
such  that  t  from  A  shall  be  equal  to  a  given  line. 

id.  The  perpendiculars  drawn  from  th<  angular  points  of  a 

triangle  to  the  opposite  side  ■  point. 
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20.  If  perpendiculars  be  dropped  from  the  angular  points  of 
a  triangle  on  the  opposite  sides,  shew  that  the  sum  of  the 
squares  on  the  sides  of  the  triangle  is  equal  to  twice  the  sum  of 
the  rectangles,  contained  by  the  perpendiculars  and  that  part  of 
each  intercepted  between  the  angles  of  the  triangles  and  the 
point  of  intersection  of  the  perpendiculars. 

21.  When  two  circles  intersect,  their  common  chord  bisects 
their  common  tangent. 

22.  Two  circles  intersect  in  A  and  B.  Two  points  C  and  D 
are  taken  on  one  of  the  circles  ;  CA,  CB  meet  the  other  circle 
in  E,  F,  and  DA,  DB  meet  it  in  G,  R:  shew  that  FG  is 
parallel  to  EH. 

23.  A  and  B  are  fixed  points,  and  two  circles  are  described 
passing  through  them  ;  CP,  CP'  are  drawn  from  a  point  C  on 
AB  produced,  to  touch  the  circles  in  P,  P'  ;  shew  that 
CP=CP'. 

24.  From  each  angular  point  of  a  triangle  a  perpendicular  is 
let  fall  upon  the  opposite  side  ;  prove  that  the  rectangles  con- 
tained by  the  segments,  into  which  each  perpendicular  is  divided 
by  the  point  of  intersection  of  the  three,  are  equal  to  each  other. 

25.  If  from  a  point  without  a  circle  two  equal  straight  lines 
be  drawn  to  the  circumference  and  produced,  shew  that  they 
will  be  at  the  same  distance  from  the  centre. 

26.  Let  0,  C  be  the  centres  of  two  circles  which  cut  each 
other  in  A,  A'.  Let  B,  B'  be  two  points,  taken  one  on  each 
circumference.  Let  C,  C  be  the  centres  of  the  circles  BA  7',', 
BA'B'.  Then  prove  that  the  angle  CBC'  is  the  supplement  of 
the  angle  OA'D1. 

27.  The  common  chord  of  two  circles  is  produced  to  any 
point  P  ;  PA  touches  one  of  the  circles  in  A  ;  PBC  is  any 
chord  of  the  other  :  shew  that  the  circle  which  passes  through 
A,  B,  C  touches  the  circle  to  which  PA  is  a  tangent. 

28.  Given  the  base  of  a  triangle,  the  vertical  angle,  and  the 
length  of  the  line  drawn  from  the  vertex  to  the  middle  point  of 
the  base  :  construct  the  triangle. 
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29.  If  a  circle  be  described  about  the  triangle  ABC,  and  a 
straight  line  be  drawn  bisecting  the  angle  B A C  and  cutting 
the  circle  in  D,  shew  that  the  angle  DCB  will  be  equal  to  half 
the  angle  BAC. 

30.  If  the  line  AD  bisect  the  angle  A  in  the  triangle  ABC, 
and  BD  be  drawn  without  the  triangle  making  an  an  jle  with 
BC  equal  to  half  the  angle  BAC,  shew  that  a  circle  may  be 
described  about  ABCD. 

31.  Two  equal  circles  intersect  in  A,  B :  PQT  perpendicular 
to  AB  meets  it  in  Tand  the  circles  in  P,  Q.  AP,  BQ  meet  in 
R  ;  AQ,  BP  in  S ;  prove  that  the  angle  RTS  is  bisected  by 
TP. 

32.  If  the  angle,  contained  by  any  side  of  a  qua.  'rilateral  and 
the  adjacent  side  produced,  be  equal  to  the  opposite  angle  of 
the  quadrilateral,  prove  that  any  side  of  the  quadrilateral  will 
subtend  equal  angles  at  the  opposite  angles  of  the  quadrilateral. 

33.  If  DE  be  drawn  parallel  to  the  base  BC  of  a  triangle 
ABC,  prove  that  the  circles  described  about  the  triangles  A  BC 
and  ABE  have  a  common  tangent  at  A. 

34.  Describe  a  square  equal  to  the  difference  of  two  given 
Bquan 

35.  If  tangents  1>"  drawn  to  a  circle  from  any  point  without 
it,  and  a  third  line  be  drawn  between  the  point  and  t he  centre 
of  the  circle,  touching  the  circle,  the  perimeter  of  the  triangle 
formed  by  the  three  tangents  will  be  the  same  for  all  positions 
of  the  third  point  of  contact 

36.  If  on  the  sides  of  any  triangle  as  chords,  circles  be  de- 
scribed, of  which  the  segments  external  to  the  triangle  contain 
angles  respectively  equal  to  the  angles  of  a  given  triangle,  those 
circles  will  intersect  in  a  point. 

37.  Prove  that  if  ADC  be  a  triangle  inscribed  in  a  circle, 
such  that  BA  =  BC,  and  A  A'  be  drawn  parallel  to  BC,  meeting 
the  circle  again  in  .1',  and  A'B  be  joined  cutting  .4(7  in  E,BA 
touches  the  circle  described  about  the  triangle  AEA'. 

38.  Describe  a  circle,  cutting  the  sides  of  a  given  square,  SO 
that  its  circumference  may  be  divided  at  the  points  of  inter- 
section into  eight  equal  arcs. 
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39.  A  B  is  the  diameter  of  a  semicircle,  D  and  E  any  two 
points  on  its  circumference.  Shew  that  if  the  chords  joining 
A  and  B  with  D  and  _•"  either  way,  intersect  in  F  and  G,  the 
tangents  at  D  and  /  meet  in  the  middle  point  of  the  line  FG, 
and  that  FG  produced  is  at  right  angles  to  AB. 

40.  Shew  that  the  square  on  the  tangent  drawn  from  any 
point  in  the  outer  of  two  concentric  circles  to  the  inner  equals 
the  difference  of  the  squares  on  the  tangents,  drawn  from  any 
point,  without  both  circles,  to  the  circles. 

41.  If  from  a  point  without  a  circle,  two  tangents  PT,  PT, 
at  right  angles  to  one  another,  he  drawn  to  touch  the  circle, 
and  if  from  T  any  chord  TQ  be  drawn,  and  from  T  a  perpen- 
dicular T'Mbe  dropped  on  TQ,  then  T'M=QM. 

42.  Find  the  loci  : 

(1.)  Of  the  centres  of  circles  passing  through  two  given  points. 

(2.)  Of  the  middle  points  of  a  system  of  parallel  chords  in  a 
circle. 

(3.)  Of  points  such  that  the  difference  of  the  distances  of  each 
from  two  given  straight  lines  is  equal  to  a  given  straight  line. 

(4.,  Of  the  centres  of  circles  touching  a  given  line  in  a  given 
point. 

(5.)  Of  the  middle  points  of  chords  in  a  circle  that  pass 
through  a  given  point. 

(6.)  Of  the  centres  of  circles  of  given  radius  which  touch  a 
given  circle. 

(7.;  Of  the  middle  points  of  chords  of  equal  length  in  a  circle. 

(8.)  Of  the  middle  points  of  the  straight  lines  drawn  from  a 
given  point  to  meet  the  circumference  of  a  given  circle. 

43.  If  the  base  and  vertical  angle  of  a  triangle  be  given,  find 
the  locus  of  the  vertex. 

44.  A  straight  line  remains  parallel  to  itself  while  one  of  its 
extremities  describes  a  circle.  What  is  the  locus  of  the  other 
extremity  ? 
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45.  A  ladder  slips  down  between  a  vertical  wall  aEd  a 
horizontal  plane  :  what  is  the  locus  of  its  middle  po 

46.  ABC  is  a  line  drawn  from  a  point  A,  without  a  circle, 
to  nicer  the  circumference  in  B  and  C.  Tangents  are  drawn 
to  the  circle  at  B  and  C  which  meet  in  D.  Whai  ■  -  the  locus 
of  D  \ 

47.  The  angular  points  A,  C  of  a  parallelogram  A  B(  'h 
move  on  two  fixed  straight  lines  OA,  OC,  wh<  se  inclination  is 
equal  to  the  angle  BCD;  shew  that  one  of  the  points  />'.  I>, 
which  is  the  more  remote  from  0,  will  move  on  a  fixed  sti 

line  passing  through  0. 

48.  On  the  line  AB  is  described  the  segment  of  a  circle  in 
the  circumference  of  which  any  point  C  is  taken.  If  AC,  BC 
be  joined,  and  a  point  P  taken  in  A(    bo  that  CP  is  equal  to 

CD,  find  the  locus  of  P. 

49.  The  centre  of  the  circle  CBE1>  is  on  the  circumfe 

of  ABD.     If  from  any  point  A   the  lines  A  /•'('  and  AED  he 
drawn  to  cut  the  circh  s,  the  chord  HE  is  parallel  to  CD. 

50.  If  a  parallelogram  be  describes  having  the  diameter  of 
a  given  cinlc  for  one  of  its  sides,  and  the  intersection  of  its 
diagonals  on  the  circumference,  shew  that  the  extremity  of 
each  of  the  diagonals  moves  on  the  circumference  of  anothci 
'circle  of  double  the  diameter  of  the  first. 

51.  One  diagonal  of  a  quadrilateral  inscribed  in  a  circle  is 
fixed,  and  the  other  of  constant  length.  Shew  that  the  sides 
will  meet,  if  produced,  on  the  circumferences  of  two  fixed 
circles. 
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We  here  insert  Euclid's  proofs  of  Props.  23,  24  of  Book  III. 
first  observing  that  he  gives  the  following  definition  of  similar 
segments : — 

Def.  Similar  segmenls  of  circles  are  those  in  whisk  the  angles 
are  equal,  or  which  contain  equal  angles. 


Proposition  XXIII.     Theorem. 

Upon  the  same  straight  line,  and  upon  the  same  side  of  it, 
there  cannot  be  two  similar  segments  of  circles,  not  coinciding 
with  each  other. 


If  it  be  possible,  on  the  same  base  AB,  and  on  the  same  side 
■>f  it,  let  there  be  two  similar  segments  of  ©s,  ABC,  ABD, 
which  do  not  coincide. 

Because  0  ADB  cuts  ©  ACB  in  pts.  A  and  B,  they  cannot     l>- 
cut  one  another  in  any  other  pt.,  and  .\  one  of  the  segments 
must  fall  within  the  other. 

Let  ADB  fall  within  ACB. 

Draw  the  st.  line  BDC  and  join  CA,  DA. 

Then  "."  segment  ADB  is  similar  to  segment  ACB, 

.:  l  ADB=  l  ACB. 

Or  the  extr.  l  of  a  A  =the  intr.   and  opposite  1  ,  which  ia     |     |\  t>J 
impossible  ; 

,:,  the  segments  cannot  but  coincide. 

(fr  E.  O. 
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Proposition  XXIV.    Theorem. 

Similar  segments  of  circles,  upon  equal  straight  lines,  are 
equal  to  one  another. 


Let  ABC,  DEF  be  similar  segments  of  0  s  on  equal  st.  lines 
AB,DE. 

Then  must  segment  ABC  =  segment  DEF. 

For  if  segment  LBCbe  applied  to  segment  D15F,bo  that 
.1  may  be  on  Dand  AB  on  DE,  then  B  will  coincide  with  E, 
and  AB  with  DE  ; 

.'.  segment  -4JSC  must  also  coincide  with  segment  DEF  ; 

III. 

.'.  segment  ABC= segment  DEF.  Ax.  8. 

Q.  E.  D. 


We  gave  one  Proposition,  0,  page  150,  as  an  example  of  th© 
way  in  which  the  conceptions  of  Flal  and  Reflex  Angles  may 
be  employed  to  extend  and  simplify  Euclid's  proofs.  We  here 
give  the  proofs,  based  <>n  the  same  conceptions,  of  the  impoi- 
taut  propositions  xxn.  and  xxxi. 
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Proposition"  XXII.     Theorem. 

The  opposite  anghs  of  any  quae Iruafo  ral  figure,  inscribed  in 
a  circle,  arc  together  equal  to  two  right  angles. 


Let  ABCD  be  a  quadrilateral  fig.  inscribed  in  a  ®. 

n   must  <ach  pair  of  its  opposite  1  s  be  together  equal  to 

'.  L  S. 

From  0,  the  centre,  draw  OB,  OD. 

Then  V  l  BOD=tw'ice  i.  BAD,  III.  20. 

and  the  reflex  1  D0B=Udc(-  L  BCD,  III.  C.  p.  150. 

•.  -sum  of  L  s  at  0  =  twice  sum  of  zs  BAD,  BCD. 
Eut  sum  of  l  s  at  0=4  right  z  s  ;  I.  15,  Cor.  2. 

.-.  fcwioe  sum  of  z  s  BAD,  BCD  =  4  right  z  s  ; 
.-.  sum  of  z  s  BAD,  BCD=t\\o  righl 
Similarly,  it  m;iy  be  shewn  that 

sum  of  L  s  ABC,  .4.1)6'= two  righl 

Q.  E.  D. 


H 
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Proposition  XXXI.     Theorem. 

In  a  circle,  the  angle  in  a  si  rnicvrcle  is  a  right  angh  :  cm 

angle  in  a  sup/nut  greater  than  a  semicircle  is  less  than  a  right 

;  and  the  angle  in  a  segment   less  than  a  semicircle  is 
than  a  right  angle. 


Let   .1/;''  be  a  ©,  of  which   0  is  the  centre  and  nC  a 
diami 

Draw  AC,  dividing  the  ©  into  the  segments  .1/.''',  ADO. 

Join  HA,  AD,  DC. 

7  \  ,i  must  the  l   in  the  temicirclt  BAG  he  a  rl.i  ,  una  l  in 
i  A  BC,  gteater  than  a  semicircle,  less  than  a  rt.  l  ,  and  l 
jmeni  .1/"'.  U   ■  than  a  semicircle,  greater  than  a  rt. 

First,  V  the  flal  angle  BOC '=  twice  L  /.'.!'',      III.  C  p.  L50. 

.'.    L  LAC  is  a  rt.  i  . 

•     7  i  rt.    i  , 

than  a  rt.  /  .  I.  17. 

Lastly,  v  sum  of  i  s  ABO,  ADC    twort.zs,          HI.  22. 

and  -  .1  /•'' '  is  less  than  a  rt.  z  , 
.*.  l  ADC  is  greater  than  a  rt.  i . 

Q.  K.  D. 


UV.  r  i,    "-     m-  n-    ^_>    _  *-A_. 
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